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Abstract. The paper considers the application of the method of direct integration to
calculations of annular plates and slabs on a continuous variable elastic base. Ring-shaped plates
with variable geometric and mechanical parameters are increasingly used. Not only the elastic base,
but also the plate thickness and cylindrical stiffness can be variable parameters here. The need for
an analytical method for calculating such structures raises no doubts, since it makes it possible to
evaluate the accuracy of finite-element analysis. To date, there are no proposals in the literature
regarding a general analytical method for the calculation of annular plates on a variable elastic base.

A detailed description of the algorithm of the direct integration method is not given in the
paper, and all the calculation formulas for the annular plate are taken from the authors' already
published article. The results of numerical implementation of this algorithm for specific examples
are considered: a concrete plate, which is rigidly pinch on the inner contour, and its outer contour is
free, and a steel plate, which is rigidly pinch on the outer contour, and its inner contour is free.

To estimate the results of calculation by the author's method, computer modeling of the
considered structures in PC LIRA-SAPR and their calculations by the finite-element method have
been executed.

The foundation reaction is described by Winkler model with a variable bedding factor. In the
first case a bed factor is assumed constant, and in the second case it changes under the linear law.
Calculations have shown that discrepancy between deflections calculated by the finite-element
method and the author's method does not exceed 1 %, and the results of radial and circumferential
moments calculation differ more considerably, amounting to 10 %. The authors explain this
difference by the inaccuracy of the numerical analysis associated with the semi-automatic method
of constructing a finite-element mesh, which should be made finer. The densification of the mesh in
the manual mode of its partitioning significantly reduces the discrepancy between the results of
calculating the deflections, radial and circumferential bending moments by the finite-element
method and the author's method.

Keywords: direct integration method, annular slab, elastic foundation, Winkler model,
variable bedding factor, finite element method, PC LIRA-SAPR.

Introduction. Ring-shaped plates with variable geometric and mechanical parameters are
increasingly being used. Variable parameters here may be not only the elastic basis, but also the
plate thickness and cylindrical stiffness.

However, in spite of the considerable number of studies devoted to plate bending, their
absolute majority is related to plates which have constant parameters, and only some authors
consider variable parameters. Studies of plates of variable stiffness (thickness) predominate among
such works. A number of questions in the theory and practical calculations of variable thickness
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plates remain unresolved. Of great interest is the development of analytical methods of calculations.

Recent research analysis. A relatively small number of works [1-3] are devoted to the study
of the neo-symmetric bending of a flexible plate on an elastic basis. The approach based on the
symbiosis of the orthogonal polynomial and Ritz methods proposed in [2] by S. V. Bosakov. The
results were obtained for the case of a concentrated force eccentrically applied to a circular plate
lying on an elastic half-space. Generalization of this solution makes it possible to obtain a solution
for an arbitrary load acting on a circular or circular plate.

The authors of [4] believe that the two-parameter elastic base model demonstrates a more
realistic ground reaction behavior than the one-parameter Winkler model. Circular plates are
modeled as a set of individual beam elements connected together in the radial and tangential
directions. As a numerical method, the grid method has been applied.

In the thesis of E. R. Telegulova [5] obtained an analytical solution of the problem of
determining the ultimate load for a circular in plan reinforced concrete plate, which lies on an
elastic basis (Fuss-Winkler model).

B. B. Grosman in [6] presents the results of studies of antisymmetric deformation of circular
plates of constant cross-section, made of orthotropic and isotropic material, which lie on an elastic
basis, the properties of which are described by the Winkler model.

From the works of foreign authors, we note the article [7], the basis of which was a design work
that requires less rigid treatment of circular plates than it is possible on the basis of standard formulas.
The issues of dynamics are considered. The transfer matrix method used here allows the plate thickness
and pressure to be any function of the radius, and the boundary conditions can be any. The natural
frequencies and waveforms can be determined by including inertia conditions in the matrices. The
limitation is that the method covers only axisymmetric deformations and waveforms.

The subject of the paper [8] is a universal software for reinforced concrete ring and circular slabs
reinforced in radial and tangential directions. Such slabs are used for roofing and ceiling structures of
buildings. The software can be used to design and calculate axisymmetrically loaded circular and
circular reinforced concrete slabs with arbitrary supports and spans. Based on the user's choice, the
software offers solutions that not only comply with all design principles, including limit state
calculations.

Above-ground and suspended tanks are used to store water, liquid oil, petroleum products and
similar liquids [9]. The strength analysis of such tanks is about the same regardless of the chemical
nature of the product. All tanks are designed as crack-free structures to eliminate any leakage. In
this study, an attempt was made to obtain the optimal design of reinforced concrete water tanks at
the given characteristics, ensuring the efficiency of geometric forms in terms of functional
requirements, assessing the economic efficiency of each of the options. The practical result of the
work was the development of tank design program in spreadsheets Microsoft Excel.

Finite element analysis of annular and circular plate is carried out in [10]. Different ratios of
inner radius to outer radius are considered to investigate effective geometric characteristics of circular
plates. Critical moments and deflections in both annular and circular plates are determined. A finite
element analysis of the plates using the ANSYS software was performed to evaluate the results.

The purpose of this work is to analytically and numerically investigate the bending of
circular plates on a variable elastic base.

Research materials and methods. The analytical method of direct integration and computer
modeling in PC LIRA-SAPR [11-12] with subsequent calculations by the finite element method are
used. Two examples are considered: a concrete slab that is rigidly pinch on the inner contour and its outer
contour is free and a steel slab that is rigidly pinch on the outer contour and its inner contour is free.

Research results. Consider a circular plate of constant cylindrical stiffness D, lying on a
variable elastic base and under the action of a continuously distributed arbitrary transverse load
(Fig. 1). Let us denote by a and b the radii of the outer and inner circles of the plate, by rthe
radial coordinate (0<r<a), by q(r) the arbitrary transverse load, and by R(r) the elastic base

reaction. There will be internal forces in the plate: radial bending moment M, , circumferential
bending moment M, and radial transverse force Q, (Fig. 1).
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Fig. 1. Forces in the ring plate

Bedding ratio k(r) and load q(r) we will represent in a form [13]:

k(r)zko(ﬁb+Ai(£j+A2(%)2+...+&(£jsj; (1)
q(r)=q0£BO+Bl(£j+Bz(£jz+...+Bp(£jpj, (2)

where k,, q, — values of bedding factor and load at some characteristic point of the plate.
When a circular plate bends, its deflection function w(r) is defined as [13]:

wn) - %% w (r); )
W(r) =4 X,(r)+ A4,X,(r)+ A4Y,(r) + 4,Y, (r)+ X,(r), 4)

where W (r) — dimensionless function, and A, — arbitrary dimensionless constants.
Y, (N =X,(0I=+Z,(r) (n=12). (5)

For rotation angle and internal forces M,,M,, Q, we will have [13]:

?j_"r":qusvwr); %:quv\?(r); ?:T\gvqu;V\A/(r): (6)
M, =-q* (W) + 4 200 ) Q
M, = —q,a* (uVV (r)+ %VV (r)) ; 8)
Q = —qoa(V\?(r) +2W(r) —(%)ZVV(r)J . )

It follows from the formulas that the determination of deflections and internal forces in the
plate, one way or another, is reduced to the calculation of the values of the functions

X, (r),(n=12,3),Z,(r),(n=12), as  well as their dimensionless derivatives

X, (r), X, (r), X, (r),(n=1,2,3); Za(r), Z,(r), Za(r),(n=12). To represent these
functions, series are used, which is described in detail in [14].

Consider examples of calculations, varying the boundary conditions and the law of change in
the reaction of an elastic foundation.

Example 1. Consider a concrete slab (E =1,5-10" kPa, 1 =1/6) of thickness of h=0,12m, outer
radius a =1,8m, inner radius b =0,9m, which is under the action of a uniformly distributed constant
load q =80kPa . The plate is rigidly pinched on the inner contour and the outer contour is free.
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The bedding factor (Fig. 2) is constant: k(r) = const = 5000kH /me.
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Fig. 2. Laws of change in the bed coefficient
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The results of calculations by the author's method (AM) and by the finite element method (FEM)

in PC LIRA-SAPR are shown in Table 1, and their graphical interpretation is shown in Fig. 3.

Table 1 — Concrete slab calculation results

i W, m Discre- M, Discre- M, Discre-
i FEM | AM pg;:;y FEM AM p?&,c)y FEM AM p?;,c)y
0,9 0,0000 | 0,0000 | 0,000 -38,953 -39,086 | 0,341 | -6,4918 | -6,5143 | 0,346

0,9429 | 0,0209 0,0210 | 0,351 -33,679 -33,785 | 0,313 | -7,1959 | -7,2321 | 0,500
0,9857 | 0,0795 | 0,0798 | 0,355 -29,019 | -29,110 | 0,312 | -7,6406 | -7,6944 | 0,699
1,0286 | 0,1703 | 0,1709 | 0,352 -24,902 | -24,980 | 0,312 | -7,8864 | -7,9583 | 0,904
1,0714 | 0,2886 0,2896 | 0,352 -21,236 -21,328 | 0,430 | -7,9776 | -8,0689 | 1,132
1,1143 | 0,4299 | 0,4314 | 0,354 -17,993 | -18,096 | 0,568 | -7,9512 | -8,0619 | 1,373
1,1571 | 0,5906 | 0,5928 | 0,373 | -15130 | -15,241 | 0,731 | -7,8355 | -7,9657 | 1,635
1,2 0,7673 | 0,7703 | 0,384 -12,602 -12,720 | 0,925 | -7,6528 | -7,8033 | 1,928
1,2429 | 0,9573 0,9611 | 0,400 -10,380 -10,502 1,159 | -7,4224 | -7,5930 | 2,247
1,2857 | 1,1579 1,1626 | 0,405 -8,4350 -8,5580 1,440 | -7,1571 | -7,3496 | 2,619
1,3286 | 1,3667 | 1,3726 | 0,432 -6,7404 | -6,8628 | 1,784 | -6,8694 | -7,0853 | 3,047
1,3714 | 1,5822 1,5893 | 0,449 -5,2763 -5,3953 | 2,206 | -6,5680 | -6,8098 | 3,550
1,4143 | 1,8024 1,8110 | 0,472 -4,0236 -4,1366 | 2,732 | -6,2594 | -6,5311 | 4,160
1,4571 | 2,0252 | 2,0361 | 0,533 -2,9660 | -3,0703 | 3,397 | -5,9483 | -6,2558 | 4,915
1,5 2,2512 | 2,2637 | 0,552 -2,0888 -2,1817 | 4,260 | -5,6377 | -5,9890 | 5,866
15429 | 2,4772 2,4926 | 0,619 -1,3934 | -1,4578 | 4,417 | -5,3838 | -5,7352 | 6,127
1,5857 | 2,7026 | 2,7222 | 0,721 | -0,8425 | -0,8872 | 5,038 | -5,1196 | -5,4977 | 6,877
1,6286 | 2,9255 2,9517 | 0,887 -0,4295 -0,4592 | 6,469 | -4,8844 | -5,2794 | 7,482
1,6714 | 3,1476 3,1808 | 1,044 -0,1520 -0,1647 | 7,701 | -4,6352 | -5,0825 | 8,800
1,7143 | 3,3689 | 3,4090 | 1,177 0,0046 0,0050 8,605 | -4,5383 | -4,9088 | 7,547
1,7571 | 3,5882 | 3,6364 | 1,324 | 0,0540 | 0,0575 | 6,154 | -4,3865 | -4,7596 | 7,838
1,8 3,8014 | 3,8627 | 1,587 0,0000 0,0000 0,000 | -4,2246 | -4,6361 | 8,877

The analysis of Table 1 shows that the values of deflections practically coincide during the
calculation of the ring plate (under the above conditions) by the author's method and by the finite
element method in PC LIRA-SAPR, and the discrepancy of the bending moment values reaches 8 %.
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Fig. 3. Radial and circumferential bending moments

Example 2. Consider a steel plate (E = 2,0-10%kPa, 1 =0,33) of thickness of h=0,03m, outer
radius a =0,9m, inner radius b = 0,45m, which is under the action of a uniformly distributed constant
load g =30kPa . The plate is rigidly pinched along the outer contour and the inner contour is free.

The bedding coefficient varies according to the linear law: k(b) =4000kH / m?, k(a) =5000kH / m®

(Fig. 2). The results of calculations by the author's method (AM) and by the finite element method
(FEM) in PC LIRA-SAPR are shown in Table 2, and their graphical interpretation is shown in Fig. 4.

Table 2 — Steel plate calculation results

W, m Discre- M Discre- M Discre-

r, m pancy L pancy ¢ pancy
FEM AM (%) FEM AM (%) FEM AM (%)

0,45 10,0113 | 0,0114 | 0,301 | 0,0000 | 0,0000 0,000 | 0,0102 | 0,0104 | 1,583
0,4714 10,0111 | 0,0112 | 0,457 | 0,0036 | 0,0037 1,521 | 0,0107 | 0,0110 | 2,233
0,4929 10,0109 | 0,0110 | 0,317 | 0,1125 | 0,0128 2,329 | 0,0133 | 0,0138 | 3,361
0,5143 |0,0108 | 0,0108 | 0,337 | 0,0247 | 0,0255 3,167 | 0,0174 | 0,0182 | 4,486
0,5357 10,0105 | 0,0105 | 0,369 | 0,0388 | 0,0405 4,077 | 0,0226 | 0,0239 | 5,614
0,5571 (10,0103 | 0,0103 | 0,412 0,0535 | 0,0564 5111 | 0,0282 | 0,0302 | 6,773
0,5786 |0,0100 | 0,0100 | 0,364 | 00672 | 0,0718 6,357 | 0,0340 | 0,0369 | 7,974
0,6 0,0096 | 0,0096 | 0,276 | 0,0790 | 0,0858 7,940 | 0,0610 | 0,0434 | 8,252
0,6214 10,0091 | 0,0091 | 0,328 | 0,0882 | 0,0970 9,110 | 0,0398 | 0,0493 | 8,644
0,6429 10,0086 | 0,0086 | 0,398 | 0,0945 | 0,1043 9,379 | 0,0490 | 0,0540 | 9,205
0,6643 10,0080 | 0,0080 | 0,487 | 0,0964 | 0,1067 9,673 | 0,0513 | 0,0570 | 10,07
0,6857 |0,0073 | 0,0073 | 0,601 | 0,0932 | 0,1032 9,642 | 0,0520 | 0,0578 | 10,06
0,7071 |0,0066 | 0,0066 | 0,742 | 0,0832 | 0,0927 10,19 | 0,0501 | 0,0560 | 10,47
0,7286 |0,0057 | 0,0057 | 0,909 | 0,0668 | 0,0744 10,23 | 0,0461 | 0,0511 | 9,729
0,75 10,0048 | 0,0048 | 0,544 | 0,0427 | 0,0474 9,887 | 0,0391 | 0,0427 | 8,389
0,7714 10,0039 | 0,0039 | 0,369 | 0,0101 | 0,0112 9,405 | 0,0276 | 0,0304 | 9,191
0,7929 (10,0030 | 0,0030 | 0,303 -0,0317 | -0,0349 9,074 | 0,0126 | 0,0138 | 8,525
0,8143 |0,0021 | 0,0021 | 0,272 | -0,0835 | -0,0912 | 8,410 | -0,0066 | -0,0072 | 8,599
0,8357 |0,0013 | 0,0013 | 0,201 | -0,1459 | -0,1579 7,585 | -0,0300 | -0,0331 | 9,506
0,8571 |0,0006 | 0,0006 | 0,000 | -0,2203 | -0,2350 6,235 | -0,0586 | -0,0638 | 8,210
0,8786 |0,0002 | 0,0002 | 0,000 | -0,3058 | -0,3225 | 5,180 | -0,0926 | -0,0994 | 6,874
0,9 0,0000 | 0,0000 | 0,000 |-0,3959 | -0,4202 | 5,778 |-0,1313 | -0,1400 | 6,224
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Fig. 4. Deflections and radial bending moments

Here the deflections calculated by the two methods practically do not differ from each other,
and the discrepancy between the bending moments is greater than in the previous example (the
maximum discrepancy is 10.47%).

Conclusions. The results of calculations by the finite element method in PC LIRA-SAPR,
which are given in Tables 1 and 2, were obtained with a semi-automatic breakdown of the finite
element grid. This means that a partitioning step of 0,1r was chosen along the radius, and the
partitioning along the circle of the plate was carried out automatically. With this approach the
discrepancy in the results of calculating the deflections of FEM and the author's method was
insignificant, while the difference in the results of calculating the radial and circumferential
moments turned out to be quite significant. This effect is well known but, as the authors of [15]
have shown, when the mesh is thickened in the circumferential direction, the results obtained by the
two methods in determining the radial and circumferential bending moments become considerably
closer. This becomes particularly important if the design of the slab and its reinforcement is based
on modeling and finite element analysis using engineering computer programs.

Thus, the high accuracy of application of the analytical method proposed by the authors — the
method of direct integration — for calculations of building structures in the form of circular plates
and slabs, which lie on a continuous variable elastic base, is shown.
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AHoTanig. Y CTarTi pO3IJIIAEThCS 3aCTOCYBaHHS METOMLYy TPSMOTO I1HTETPYBaHHS [0
PO3paxyHKIB KUIbIIEBUX IUIACTHH Ta IUIMT Ha Oe3nepepBHiN 3MiHHIA MpyxKHIM ocHOBi. [lnmactunu
KiJIbLIeBOi (popMH 31 3MIHHMMH TI€OMETPUYHMMHU Ta MEXaHIYHUMM IapaMeTpaMu 3HaXoIsiTh BCe
HIMPIIE 3aCTOCYBaHHA. 3MIHHUMM NapaMeTpaMH TyT MOXYTb BUCTYIIaTH HE TUIbKU MPY)KHA OCHOBA, a
W TOBIIMHA TUIACTMHU, LMIIHAPUYHA >KOPCTKICTh. HEoOX1AHICTh aHAIITUYHOIO METOLY PO3PaXyHKY
MOMIOHMX KOHCTPYKIIA HE BUKIUKA€ CYMHIBIB, OCKUJIBKH JO3BOJISIE OIIHUTH TOYHICTH CKIHUEHO-
eJIeMEHTHOro aHaimizy. Ha cporonmHimHii aeHb y JiTepaTypl MPONO3ULIT IOJ0 3arajlbHOro
aHAJIITUYHOTO METOy PO3PaXxyHKY KIJIbIIEBUX IUIACTHH Ha 3MIHHIM MPYKH1N OCHOBI BIICYTHI.

JleTanbHUIN BUKIJIAJ aJTOPUTMY METOY NMPSIMOTO 1HTETPYBaHHs y poOOTI HE HABOAUTHCS, MPOTE
pO3paxyHKOBi (HOpMyaH JJs KUIBLIEBOI IJIACTUHM B3STI 3 BXKE OMYONIKOBAHOI CTaTTi aBTOPIB.
Po3rnsanaroTecs pe3yibTaTH YMCEIbHOI peastizallii [bOro ajaropuTMy Uil KOHKPETHMX HPUKIIAIIB:
OETOHHA IIJINTA, sIKa YKOPCTKO 3aTUCHEHA 3a BHYTPIIIHIM KOHTYPOM, a 11 30BHIIIHINA KOHTYp — BUIbHUH 1
CTaJIeBa IUINTA, SIKA )KOPCTKO 3aTHCHEHA 3a 30BHIIIHIM KOHTYPOM, a i BHYTPIIIHII KOHTYp — BUIbHUH.

J1J1s1 OIIIHKM Pe3yJIbTaTIB PO3PAXYHKY aBTOPCHKHM METOJIOM BUKOHAHO KOMIT'FOTEPHE MOJICITFOBAHHS
posrsiHyTHX KOHCTpYKIIiH y [TK JIIPA-CATIP Ta iX po3paxyHKH METOJIOM CKIHYEHUX €JIEMEHTIB.

Peaki11isi OCHOBH ONMCYEThCSI MOJIEIUTIO BiHKIIepa 31 3MiHHUM KOe(illi€eHTOM MocTeNi. Y MepIomy
BUIAJIKY KOe(IliEHT MOCTe MPUIHHATO MOCTIMHUM, a y IpYroMy BHIIA/IKY BiH 3MIHIOEThCS 3a JIIHIMHUM
3aKoHOM. BukonaHi PO3paXyHKH MOKA3aJIH, IO PO3ODKHICTD y pe3ysbTaTax OOUYMCIEHHS MPOTHHIB
METOJIOM CKIHYEHHUX €JIEMEHTIB 1 ABTOPCHKHM METONIOM BOUpaeTscst y 1 %, a pesysbTaTu 00UHUCIIEHHS
pamiaTbHUX 1 OKPYXHHX MOMEHTIB BIAPI3HAIOTHCS 3HaUHO, nocsraroun 10 %. [{ro BiqMiHHICTH aBTOpH
TTOSICHIOIOTh HETOYHICTIO YMCENILHOTO aHaTi3y, TOB'SA3aHOI 3 HallBaBTOMAaTUYHUM METOJIOM MOOYIOBU
CKIHYEHO-EJIEMEHTHOI CITKH, SKY CIiJi poOUTH JApiOHIIION. 3TyHIEHHS CITKM B PYYHOMY DPEXHUMI ii
PO3OUTTSL CYTTEBO 3HIXKYE PO3ODLKHICTH MK pe3yiabTaTaMH OOYMCIEHHS MPOTWHIB, paialbHUX Ta
OKPY>KHHX MOMEHTIB, 1110 3THHAIOTh METOJIOM CKIHUEHHUX €JIEMEHTIB 1 aBTOPCHKUM METOIOM.

Kuro4oBi c1oBa: MeTon mpsiMOro iHTerpyBaHHs, KUIblieBa IUINTA, MPYXKHA OCHOBA, MOJEIb
Binknepa, 3MiHHUI KOe]IIIEHT MOCTeNi, MeTo] ckiHueHux enemeHTiB, [IK JIIPA-CAITIP.

Crartsa Hagidnia 1o penakuii 2.12.2022
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