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EVOLUTION OF ROTATIONAL MOTIONS IN A RESISTIVE
MEDIUM OF A NEARLY DYNAMICALLY SPHERICAL
GYROSTAT SUBJECTED TO CONSTANT BODY-FIXED
TORQUES

D. Leshchenko!, T. Kozachenko'
'Odesa state academy of civil engineering and architecture

Abstract. A satellite or a spacecraft in its motion about the center of mass is affected by the
torques of forces of various physical nature. It is influenced by the gravitational, aerodynamic torques,
the torques due to the light pressure, and the torques due to the motions of masses inside the body.
These motions may have various causes, for example, the presence of fluid in the cavities in the body
(for example, liquid fuel or oxidizer in the tanks of a rocket). Therefore, there is a necessity to study
the problems of the dynamics of bodies with cavities containing a viscous fluid, to calculate the
motion of spacecrafts about the center of mass, as well as their orientation and stabilization. The
mentioned torques, acting on the body, are often relatively small and can be considered as
perturbations. It is natural to use the methods of small parameter to analyze the dynamics of rigid body
under the action of applied torques. The method applied in this paper is the Krylov-Bogolubov
asymptotic averaging method.

The studies of F. L. Chernousko showed that solving the problems of dynamics of a rigid body
with a viscous fluid can be subdivided into two parts — the hydrodynamic and dynamic ones — which
can greatly simplify the initial problem.

We investigated the motion about its center of mass in a resistive medium of a nearly
dynamically spherical rigid body with a cavity filled with a viscous fluid at small Reynolds numbers,
subjected to constant body-fixed torque which is described by the system of differential equations,
considering the asymptotic approximation of the moments of the viscous fluid in the cavity. The
determination of the motions of forces acting on the body from side of the viscous fluid in the cavity
was proposed in the works of F. L. Chernousko. We obtained the system of equations of motion in the
standard form which refined in square-approximation by small parameter. The Cauchy problem for a
system determined after averaging was analyzed. The evolution of the motion of a rigid body under
the action of small internal and external torques of forces is described by the solutions which obtained
as a result of asymptotic, analytical and numerical calculations over an infinite time interval.

Keywords: nearly dynamically spherical rigid body, cavity, viscous fluid, constant torque,
resistive medium.
EBOJIIOIISA OBEPTAJIBHUX PYXIB B CEPEJIOBUIII 3
OINOPOM, BJIM3BKOI'O 10 AMHAMIYHO C®EPUYHOI' O
TTPOCTATA I AI€IO MOCTIMHUX MOMEHTIB B
3B’A3AHUX 3 TIJIOM OCAX

Jlemenko /1. I[.l, Ko3auenko T. O.
Y00ecvra depoicasna axademis 6ydienuymesa ma apximexmypu

Anoranisi. Ha cynyTHuk a00 KOCMIYHMI amapaT y CBOEMY pPycCi BIJIHOCHO IIEHTpa Mac [iIOTh
MOMEHTH CHJI pi3HOi (i3uuHOoi mpupoxau. Lle rpasiramiiini, aepoJuHaMiuHi MOMEHTH, a TaKOX
MOMEHTH, OOYMOBJICHI PYXOM JESIKHX Mac B Tim. Taki pyXd MOXKYTh OyTH BUKIHMKAaHI Pi3HUMHU
NpPUYMHAMH: HANPUKIAJ, HasBHICTIO PIAMHU B MOPOXHHMHAX B T (HaNpHUKIAA, PiKe ManuBo ado
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OKHCJIIOBaY B pe3epByapax pakeTHw). TakuM UYWHOM, € HEOOXiIHICTh BHBUCHHS 3a/ad TUHAMIKH
TBEPIUX TiJ 3 B’SI3KOK0 PIAMHOIO AJISL AOCIiKEHHS PyXy KOCMIYHHX amapatiB HaBKOJIO LIEHTPa Mac, a
TaKOX X opieHTamii Ta ctabimizarii. Bkasani MOMEHTH, 11O AIfOTh HA TUIO BIHOCHO Maji 1 MOXYTh
posrasaarucs sk 30ypeHss. s aHamizy TUHAMIKK TBEPAOTO TiNla Mia AI€I0 MPUKIAJCHIX MOMEHTIB
BUKOPUCTOBYIOTh METOJM MAJIOT0 mMapamerpa. MeToj, SKHH 3acTOCOBaHO y Lil poOOTI — MeTox
ycepennenns Kpunosa-boromto6osa.

3anmavi AMHAMIKH TBEPIOTO Tijla 3 TOPOKHUHAMH, IO MICTITH B’SI3KY PiAMHY, TPEICTaBIIAIOTH
3HAYHO OUTBIII TPYAHOIII, HIXK Y BUMIAAKY 11eanbHOl pinnHu. B pobortax @. JI. UepHOychKa MoOKa3aHo,
IO pO3B’A3yBaHHS 3aJady AWHAMIKM TBEPAOrO Tijda 3 OAHOPIAHOI B’S3KOI PIAMHOI MOXHA
pPO3KJIacTH Ha JBI YAaCTHHU — TiIPOAMHAMIYHY Ta JUHAMIYHY — IO JTO3BOJISIE CIPOCTHTH MOYATKOBY
3amaqy. ACHUMNOTOTHYHHUI pPO3B 30K OyB OAep)KaHWU Ui OMUCY EBONIONII TBEpAOTO Tila 3
MOPOKHUHOIO, 3aTIOBHEHOIO PIAMHOIO BEJIHMKOI B’ I3KOCT1, HA BEJTMKOMY MPOMIXKKY 4acy.

PosrnsimaeTbess pyx BiIHOCHO IIEHTpa Mac B CEPENOBHUINI 3 OMOPOM OJHM3BKOTO A0 TUHAMIYHO
c(hepHIHOTO TBEPIOTO TiJIa 3 TIOPOKHWHOIO, 3alIOBHEHOIO B’S3KOI0 PIMWHOIO TPH MAaIMX YHCIIAX
PefiHonpaca mig Ji€ro MOCTIHHOTO MOMEHTY B 3B’SI3aHHX 3 TUIOM OCSX, SIKUH OMHCYETHCS CHUCTEMOIO
TudepeHLifHNX PIBHSIHD 3 ypaxyBaHHSM B acCHUMOTOTHYHOMY HaOJIM)KEHHI MOMEHTIB CHI B’SI3KOi
PiOVHE B TOPOKHUHI TiNla. BU3HAYeHHS MOMEHTIB CHII, IO JIIFOTH HA TiJIO 31 CTOPOHH B’ A3K01 PIIMHA B
MTOPOKHUHI, Oy0 3ampornoroBano B podorax @. JI. UepHoycrka. OTprMaHO CHCTEMY PiBHSHB PYXY B
CTaHIapTHIA ¢GopMi, YTOYHEHY B KBaJApPaTHYHOMY HAOJNMKCHHI 33 MaJIuM IapaMeTpOM.
[IpoanamizoBano 3amauy Kommi ans cucremu, BU3HAYEHOI Tichs ycepemHeHHs. EBomomis pyxy
TBEPAOTO TiJa MiJ i€f0 TaKWX BHYTPINIHIX 1 30BHINIHIX MOMEHTIB CHIJI ONMHUCYETHCS PO3B’A3KaMH,
OTPUMaHMMH B pE3yNbTaTi AaCHUMNTOTHYHMX, aHANITHYHMX 1 YHCENBbHUX PO3PaxyHKIB Ha
HECKIHYCHHOMY IHTEpPBaJIi yacy.

KuarouoBi ciioBa: 6im3pKe 10 TUHAMIYHO C(EepUIHOTO TBEPE TiJIO, TOPOXKHUHA, B’ sI3Ka piauHAa,
CTallMii MOMEHT, CEPEIOBUILE 3 OIIOPOM.
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1 INTRODUCTION

The problems of the dynamics of rigid bodies with cavities containing fluid are among
the classical problems of mechanics: a fundamental study of the rotational motion of a rigid
body having a cavity, filled with a homogeneous ideal fluid, was carried out by
N. Ye. Zhukovskii [1]. The interest to the problems of the rotation of rigid bodies with fluid-
containing cavity has arisen in connection with the development of the rocket and space
technology as well as geophysical and astrophysical applications.

2 ANALYSIS OF LITERATURY DATA AND RESOLVING THE STUDY

The presentation of the results on the dynamics of rigid body motion about the center of
mass with fluid-filled cavities is given in books by N. N. Moiseyev and V. V. Rumyantsev
[2], and I. A. Lukovsky [3].

The problems of rigid body dynamics with cavities containing a viscous fluid are
significantly more difficult that in the case of ideal fluid. An important contribution to the
solution of these problems has been made by the works of F. L. Chernousko et al. [4, 5].
These studies showed that solving the problems of the dynamics of the rigid body with
viscous fluid in cavity can be separated into two parts: the hydrodynamic and dynamic ones,
which represents a considerable simplification of the original problem. An asymptotic
solution was obtained describing the evolution of the motion of a body having a cavity with a
fluid of high viscosity over a long-time interval.

In the paper [6], the initial period of rotational motion of a body with a cavity containing
a fluid of high viscosity was investigated. The article [7] is devoted to studying the stabilizing
effect of a viscous fluid in a cavity on the rotation of a top around the given axes. In [8], the
oscillations on an elliptic orbit of a satellite with moments of inertia close to one another and
a spherical cavity filled with a viscous fluid are studied. In papers [9-11] the fast rotational
motions about the center of mass of a dynamically asymmetric satellite with a cavity filled
with viscous fluid under the action of gravitational and light pressure torques, and medium
resistance were investigated.

In [12], the inertial motion of a rigid body with a spherical or ellipsoidal cavity filled
with a viscous fluid was studied by the asymptotic method. A numerical analysis of the
change in the vector of the moment of momentum of a rigid body with a cavity filled with a
viscous fluid was performed in [13]. The article [14] presents the analytical and numerical
results obtained in the study of systems containing a rigid body with a cavity filled with a
viscous fluid. In [15], an approach was proposed for modeling the dynamics of a rigid body
with cavity filled with a high-viscosity fluid.

The problem of deceleration of rotations of a dynamically symmetric body with a cavity
filled with lightly viscous fluid was investigated in [16]. In paper [17], the problem of time-
optimal deceleration of a dynamically asymmetric body with cavity filled with viscous fluid
in a resistive medium was studied.

The papers [18, 19] study the motion about the center of mass of a nonsymmetric rigid
body influenced by two small perturbation torques: a constant one in the body-fixed axes and
a linear dissipative one or, alternatively, a constant one and a torque involving the terms
quadratically depending on the angular velocity.

In the works [20-22] analytical solutions are obtained for the problem of a rigid body
close to symmetrical one, as well as of a body with arbitrary inertia characteristics by a torque
which is constant in the body-fixed axes.

In paper [23], the analytic solution has been introduced for the rotation of a rigid body
having spherical ellipsoid of inertia subjected to a constant torque.
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The motion of a close to dynamically spherical rigid body with a cavity filled with a
viscous fluid at low Reynolds number was investigated in [24]. Qualitative and quantitative
results of motion in a resistive medium of a nearly dynamically spherical rigid body with a
cavity containing fluid of high viscosity was studied in [25]. In paper [26], the motion about
the center of mass of a nearly dynamically spherical rigid body with a cavity filled with a
fluid of high viscosity and subjected to constant body-fixed torques was considered. In work
[27] the case of a rigid body motion investigated in [24] was extended in the presence of the
third component of the gyrostatic moment.

Consider the motion in space of a rigid body with a spherical cavity filled with a fluid of
high viscosity relative to the center of inertia.

We assume that the torques which is constant in the body-connected axes have the form

M?® =g*M, =const, i=1,2,3, (1)

where 0< ¢ <<1 is a small parameter.
We assume that the torque of the resistant forces is proportional to the angular
momentum of the body with a “frozen” fluid [4, 11, 16, 17, 28]

M =—¢’ Ao, )
where A is a positive coefficient of proportionality that depends on the properties of the

medium and on the shape of the body and J =diag(A, B,C) is the tensor of inertia of the

body with a fluid in the cavity, 0 <& <1 is a small parameter.
We write the equations of motion for the system under consideration in projections onto
the principal central axes of inertia by [4, 5]

Ad—p+ (C-B)gr=¢&’M, -’ AAp+
dt . 3)
Pro 2 2
+—2-p|C(A-C)(A+C-B)r'+B(A-B)(A+B-C :
e PLC(A-CX( )r*+B(A-B)( )9’ |
Here, A, B, and C are the principal central moments of inertia of the system, p, q, r
denote the projections of the absolute angular velocity @ onto the principal central axes of
inertia, o is the density of the fluid, and v is the kinematic coefficient of viscosity. The first
expression on the right-hand side of (3) defines, in the asymptotic approximation, the torque
of forces of a viscous fluid in the cavity of the body [4, 5], P, >0 is the scalar coefficient
depending on the shape of the cavity. In the case of a spherical cavity of radius b, we have
according to [4, 5]
B 8zb’
° 525°
The other equations are obtained from (3) by cyclic permutation of symbols A, B, C
and p, q, r.
The Reynolds number is assumed small: Re=1°T,"v*<<1 [4, 5]. Here | is a

(4)

characteristic linear dimension of the cavity, T. is a characteristic time scale of the relative

motion, which inversely proportional to the characteristic angular velocity @ . If | and T. are

taken as the units of measurement of length and time then following [4, 5] the kinematic
coefficient of viscosity of the fluid is a large parameter v=1/Re>>1 and v <<1. We

assume that the nondimensional quantity v ~ ¢.
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3 PURPOSE AND TASKS THE STUDY

Consider the case of a nearly dynamically spherical rigid body, when the principal
central moments of inertia of a "frozen" rigid body are close to one another and represent
them in the form

A=J,+eA, B=J,+eB, C=J,, (5)

where O0<e&<<1 is a small parameter of the same order just as in (1) —(3). If £¢=0
equations of motion (3) describe the motion of a spherically symmetric rigid body. Assume
also that there are estimates

|A-B|=0(s,), |A-B’

=0(ed,), J.~J,. (6)
Then, following (2.4), (2.5), the expressions hold
A-B=g(A-B)=¢’J,, A-C=cAd, B-C=¢B. (7

After the transition to slow time 7 =&t and transformations of system (3), taking into

account relations (5) — (7), we obtain a perturbed Euler system of the form (terms of order &?
and higher are discarded):

dp B’ A

—=—/1-¢—|gr+&f (p,q,r), 0) = p,,

i ‘]o[ ejojq ef,(p.q,r) p(0) = p,

dq A B’

—=——|l-e—|pr+efy(p,a.r), q(0)=q, 8
i JOL eJO]p ef,(p.a,r), a(0)=q, 8
dar A -B’

I = pq+ef,(p,q,r), r(0) =r,.

T Jy

Here, r is the slow variable in slow time 7. The system of differential equations (8) is an
essentially nonlinear system in which the frequency depends on the slow variable r. In (8)
perturbations were introduced

£f,(p,q,r) =mp{A'[J,—s(A'+2B)]r* + (A - B")[J, - &(A - B)]g*} +

M, A
Zil-e)—edp,
+& Jo( gJO) erp
£f,,(p.0,1)=mq{B'[J, —£(2A"+B")|r* - (A'=B)[J, +&(A'-B")] p’} +
+8%(1—8JE)—€1Q,

0 0

9)

et (p,q,r)=-mr{B'[J,—£(2A'-B")]q* + A'[J, - £(2B' - A)] p*} +

+& M, _ er,
0
where, m= pP,/vJ? . The torque of the influence of the viscous fluid in the rigid body cavity
is small [4, 5].
The solution of the system (8) for £ =0, v =0 has a form

D. Leshchenko, T. Kozachenko
https://doi.org/10.31650/2618-0650-2022-4-2-19-31 23



https://doi.org/10.31650/2618-0650-2022-4-2-19-31

1V, Ne2, 2022
Crop. 19-31/ Page 19-31

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

_J,awsing
B'r

Here, a=./pZ+(p,/w)’ is the amplitude (slow variable), @=wr+¢, is the phase,

w=rAB' J,» AB'>0, g, is the initial phase, cosg, = p,/a, sing, =—q,\B'/ A" /a by
assumption.

We pass from the slow variables p, g, r to the new slow variables a, r and the phase
@ . We use the change of variables for this:

p=acose, Q= , r=r,. (10)

_Jyawsing
B'r
We differentiate expressions (11) by virtue of perturbed system. After series of
transformations, we get the system in standard form

p=acosp, Q= , r=r. (11)

acosp-agsing=-aw(r)sing+ef,

asingo+agb005(p=aw(r)COSgo—,/%gfzq, (12)

p-B-A az,/%sin(pcow+gf2r, w(r):JL«/A'B’,

‘]0 0

ef,, :gi]ﬂw(r)sin ¢+g%(l—gi)—g/lacosw+
0 0 0

+macosps A'[J, —g(A' +2B)|r* +(A'-B)[J, - (A -B) a? 2 sin? :
¢ 0 0 Br ¢

€ty _ .2 ‘f‘B W(I’)COS(/)—F&‘%(].—SJE)—F&‘E& /%Sin(o—

0 0 0

—ma\/gsin ¢{B'[J,—£(2A'+B)]r* - (A'=B)[J, + (A’ - B")]a’ cos’ g},

£t =—malrA'[J, — e[ (2A'~B))sin’ o+ (2B~ A)cos” ¢ || +g%—g)ﬂl’.

0

We solve equations (12) with respectto a and ¢ , and get a system

. B .
a=ef,, Cosgo—gfzq"ﬁsm(p,
(13)
) 1 . 1 B’
(pzw(r)—ggfzpsm ¢"g‘9f2w/ﬁ COS .

We substitute (11) into the third equation (8) for the variable r. Taking into account the
change of variables and standard transformations we obtain the following system of
equations:

<'51:<9Maw(r)singoc05go+i Ml(l—EA)COS(/)—Mz(l—EE),/ESin(p -
J J J, J, VA

0 0

—gla+ ma{r2 [ Acos? p(J, —eA') —2: A'B'+ B'sin” (J, — B') |+
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[ -1AYA
+a2%[Jo—g(A’+ B’)]sin® g cos? go},
poB-A az\Esingocostrg%—gﬂr—
J, B J,
—maer'{JO—g[(ZA’—B')sinz(/)Jr(ZB’—A’)cos2 go]}
p=w(r)—¢ V\G(r) (A'sin® ¢+ B'cos® p) —m(A'—B')sin (/)COSgo{r2 [J,—&(A'+B)]+ (14)

0

+a’ {(J0 +&(A'-B")cos’ p+(J,—&(A - B'))g:sin2 (0}}—

& A . B', |B’
— | M A-c—)sinp+ M, (1—c—),[—COS@ |.
aJi Nl ‘Jo) o+ M, Jo)‘/A’ 40}

Here, the quantity w(r) = r\/A'B’/J0 has the meaning of the perturbed frequency of the
transformed system. After the averaging of the system (14) over the phase ¢ [29] we find:

a=ca+ma(fgr’+aa®),

15
r'=cr—m7a2r+g%. (15
0

Here we have introduced the notations
c=—el, P= %(A’ +B)[J,—&(A'+ B)]|-eA'B,

(A,_ B')Z ' ' ' 1 ' '
QZT[JO_‘C"(A+B)]’ }/=—A ‘]O_Eg(A+B) .
We transform system (15) to the form:
X=2X(c+mpBy+max),
(16)

. eM
y =2(yc+myxy+ ] 3\/)_/)

0

The variables x=a’ y=r”>0are introduced here, r :ﬁ. Note that in system (16)

x, y are slow variables.
It can be directly observed that, in the first approximation the equations for x and y in

(16) include only constant in the body-connected axis torque M,. The terms containing the
perturbation torques M,, M, drop out upon averaging.

4 BASIC RESULTS

System (16) was solved numerically with the initial conditions x(0) =1, y(0)=1 and
task parameters P, =0.48 m’,v=1000m?s, £=0.1, p=1260 kg/m°, 1=1.25 rad/s. We
obtain

D. Leshchenko, T. Kozachenko
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X(t) =1+ (2c+1.21(x + p))t + (c(2c +3.63(x + p)) +

+(0.13c +0.73y +0.12M,) + (1.21a + 0.858)*)t* + O(t®),

y(t) =1+ (2c+1.21y +0.2M )t +

+(0.73y(a + B+ y +4.97¢) + 0.02M,(9y +C) + (1.41c +0.12M,)*)t* + O(t?).

17

The plots of the changing values a? and r? of the squared equatorial and axial
component of the angular velocity vector of the rigid body are constructed and represented in
two cases.

In the first case (Figs. 1,2) J, =1, A'=5.1, B'=5, in the second case (Figs. 3, 4)
J,=3, A'=13 B'=1.

5 DISCUSSION OF THE RESULTS OF THE STUDY

How we can see from the plots in both cases variable y=r® decreases on the interval of
time [0;10] and [0;20] asymptotically approaching zero (Figs. 2, 4).
The variable x =a* decreases in case 1, asymptotically approaching zero (Fig. 1). In the

second case in the presence of dissipation and a small constant torque x =a’® decreases to
zero (Fig. 3), and under the action of only the internal torque in the interval [0;20] increases

reaching the value x =2.

1

ne 2l

1

|
0.6+
X
0.4+
0.2+

0 23 3 7.5 10
T
Fig. 1. Comparison of the graphs x = a®under the action of internal torque (— =)
and (— ) of both internal and small constant torque M, =-0.135
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Fig. 2. Comparison of the graphs y = r? under the action of internal torque ( — =)
and (—— ) of both internal and small constant torque M, =-0.135

2
I____-r—"
1.5
/
e
x 1+
0.5
I:I T T T
1] 3 10 15 20
Fig. 3. The plot of variable x = a®under the action of internal torque ( — =)

and (&= ) of both internal and small constant torque M, =-0.135

IERERN

0.6
¥ \
0.4+ \

0.2
——
— — e
0 3 10 15 20
T
Fig. 4. The plot of variable y = r? under the action of internal torque (— =) and

() of both internal and small constant torque M, =-0.135
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6 CONCLUSIONS

The motion of a nearly dynamically spherical rigid body in a resistive medium with a
cavity filled with viscous fluid at low Reynolds number under the action of constant body-
fixed torques is investigated. A system of equations of motion in standard form which refined
in the quadratic approximation by small parameter is obtained. The Cauchy problem for the
system determined after averaging is analyzed. The evolution of the rigid body motion is
described by solutions obtained asymptotically, and numerically.

Results summed up in this paper make it possible to analyze motions of artificial
satellites and celestial bodies under the influence of small internal and external torques
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