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VJIK 531.381

3BYPEHI PYXU TBEPJOI'O TIUIA 3 PYXOMOIO MACOIO B
CEPEJAOBHIII 3 OITOPOM

Jlemenko /. JI.}, Kozayenxo T. O.!
Y00ecvra oepacasna axademis 6ydisnuymea ma apximexmypu

AuoTtauist. J[ocHiKyIOTbCsL Pi3HI BHIIQAKH PYyXy TBEPIOTrO TiNa 3 BHYTPIIIHIMU CTENCHIMH
BUIBHOCTI. PO3rIsHYTO pyX® Tina, sike MICTUTH JIiHIHHI MPYXKHI Ta JUCUTIIATUBHI €IEMEHTH. 30Kpema,
JOCITI/DKEH] pyXH Tija, 0 Hece MacH, 3’€JHaHi 3 HAM 3a JIONOMOTOI0 MPYKHUX CHII 3 JIHIHHUM
nemngipyBanHaM. Ll cuTyamis Moaenroe HasSBHICTD HEKOPCTKO 3aKpilNIeHWX JieTaled Ha
KOCMIYHOMY araparti, 1110 BiIMOBIIHO YHHUTh CYTTEBHUI BIUTUB Ha HOTO PyX BIJTHOCHO IIEHTpA Mac.

Po3BuTOK nMOCHIIKEHD 3a/1a4 JMHAMIKA TBEPAUX TiJ1 HABKOJIO HOro IIEHTpa Mac iJie B HAPSMKY
BpaxyBaHHs TOro (hakTy, IO Ii TiIa HE € ileaNbHO TBEPAUMH, a JOCHUTh OJIM3BKUMH JIO iJcaIbHUX
Mozened. HeoOXinHIiCTh aHami3y BIUIMBY PI3HHX HEiZeaIbHOCTEH 00yMOBJIeHa 3POCTaHHSM BHUMOT JIO
TOYHOCTI PO3B’sI3aHb MPAKTUYHUX 337]ad4 KOCMOHABTHKH, TIPOCKOIIii, Toino. Brme HeigeanbHOCTEH
MoOXe OyTH BUSIBIICHUM 3a JIOIOMOT'OI0 aCUMIITOTUYHUX METOJ(IB HENMiHIHHOT MEXaHiku (ycepeHEeHHS,
CHUHTYJIApHUX 30ypeHb Ta iH.). BiH 3BOJAMTBCS 10 HAsABHOCTI JOJAATKOBHX 30ypIOIOYMX MOMEHTIB B
piBHsHHSAX pyxy Eitnepa neskoro ¢iktuBHOTO TBepaoro Tia. Y [1, 6] onep»,aHo BEKTOpHE PIBHSHHS,
SKe ONHMCYye 3MiHy BEeKTOpa (D B CHMCTEMi KOOpAMHAT, 1OB’s3aHOi 3 Tinom. DyHkuis ®(®) e
MOJIHOMOM, TII0 MICTHTb YE€TBEPTHIA 1 I’ ATHI CTENEH] O .

Psn po0iT mpucBsYeHO aHaNmi3y PI3HHX MPOOJIEM JUHAMIKM KOCMIYHHX arnapatiB, IO MICTATh
BHYTPIIIHI MacH. BUBUaNMCh MUTaHHS CTIMKOCTI Ta HECTIMKOCTi, a TaKOXK MpPOOJIEeMHU KepyBaHHS Ta
crabimizamii pyxiB. B KOCMIYHOMY MONBHOTI iHOMI BUHHUKAE MOTpeda 3arIyIINTH XaOTHIHE O0CpTaHHSI,
sIKe BUHHUKAE 3 Oy/Ib IKUX TMPUIWH. 15 IIbOr0 BUKOPHCTOBYIOTH MEPEMIIIIEHHS PYXOMHUX Mac.

Mu pocmmKyeMo 3a1aqy IMpo PyX B CEPEIOBHIII 3 OMOPOM TUHAMIYHO CHUMETPHYHOTO TBEPIOTO
TiJla 3 PyXOMOIO TOYKOBOIO MacoOl0, sKa 3’€qHaHa 3 TLIOM TPY)KHOIO B 53310 3a HASBHOCTI B’S3KOTO
TepTsa. 3a JOMOMOTOI0 ACHMIITOTHYHOTO MiAXOAY PIBHSHHS PyXy Tila 3 Macol OyJd CIPOIICHI.
Hemniniitna eBomionis KyTOBHX PyXiB Tila MpOaHAJi30BaHa 3a JOIMOMOI'OI0 YCEPETHEHUX PIBHSIHD Ta
YHCeNbHOro iHTerpyBaHHA. [loOymoBano rpadike BemWYWH KBaIpaTiB €KBAaTOPIaIbHOI Ta OCHOBOI
KOMIIOHEHT KyTOBOi IIBUAKOCTI. Pe3ympTaTth, SKi mpencTamBieHi B Hid poOOTi AarOTh MOXIJIHBICTH
aHaI3yBaTH KyTOBI pyXH MITyYHUX CYIyTHHKIB MiJ Ai€F0 MaHX 30ypIOIOYIX MOMEHTIB.

KrouoBi ciioBa: TBepie TiNo, cepeloBHIIE 3 OMTOPOM, pyxoMa Maca.

PERTURBED MOTIONS OF A RIGID BODY WITH A MOVABLE
MASS IN A RESISTIVE MEDIUM

D. Leshchenko?, T. Kozachenko!
!0dessa State Academy of Civil Engineering and Architecture

Abstract. Various cases of the rigid body motion having internal degrees of freedom was
studied. In particular, the motions of a body carrying masses which are attached to it by means of
elastic forces with linear damping was investigated. This situation simulates the presence of loosely
fixed components on a spacecraft, having a significant influence on its motion about its center of mass.

The development of research in dynamics of rigid body motions about its center of mass goes in
the direction of taking into account the fact that these bodies are not perfectly rigid but are rather close
to perfect models. The need for the analysis of the influence of various deviations from perfectness is
caused by growing accuracy requirements in space exploration, gyroscopy, etc. The influence of
imperfections can be revealed using asymptotic methods of nonlinear mechanics (averaging, singular
perturbations and others). This influence reduces the additional terms in the Euler equations of motion
of a fictitious rigid body. In the space flight, there arises sometimes a necessity to suppress the chaotic
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rotation that occurs for one reason to another. To this end, the relative displacements of movable
masses are used.

A number of works are devoted to the analysis of various problems of the dynamics of space
vehicles containing internal masses. The issues of stability and instability and the problems of control
and stabilization of motions have been studied. In [1, 6] vector equation which describes the change of

vector @ in the system of coordinates connected with the body was obtained. Function ®(@®) in the

right-hind side of this equation is a polynomial containing the fourth and fifth powers of .

We study the problem of the motion in a resistive medium of a dynamically symmetric rigid body
carrying a movable point mass, connected with the body by an elastic coupling in the presence of
viscous friction. By means of asymptotic approach equations of motion of body with mass are
simplified. Nonlinear evolution of angular motions of the body is analyzed using averaged equations
and numerical integration. Results summed up in this paper make it possible to analyze angular
motions of artificial satellites under the influence of small internal perturbation torques.

Keywords: rigid body, resistive medium, movable mass.
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1 BCTYI

Ha pyx mTy4HOTO CyIyTHHKAa BIIHOCHO IIEHTpa Mac JIFOTh MOMEHTH, SIKi 0OyMOBIEHI
pyxoM Jeskux Mmac BcepenuHi Tina. Lli pyxu MoxyTe OyTH OOYMOBICHMMH DPi3HHUMHU
NPUYMHAMH: HAsIBHICTIO B TUTi 00epTOBUX Mac (POTOPIB, TIPOCKOIIIB), a TAKOXK TMEPEMIICHHIM
eKiMa)Ky B BUIMAAKY ITIIOTOBAHOTO arapara.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA NPOBJIEMH

Benmka KutbKicTh poOIT, TpPUCBAYCHA AOCHTIIKEHHIO OOEpTaHHS TBEPIOTO Tima 3
PYXOMUMH BHYTPIIIHIMU MacaMu 3 TIPY>KHUMH Ta TUCUTIATUBHUMU ereMeHTaMu. Orisig pooir
3 11i€T TeMaTHKK TpesicTaBieHui B [1-6].

B po6Gorax [1, 6] po3rnsHyTi Iesiki BUIaIKH pyXy TBEPIOTO Tija, SKi MICTATh PyXOMi
BHYTpIIIHI MacH, 3 €/IHaH1 3 TUIOM 3a JIOIOMOTOI0 IPYKHUX Ta TUCUIIATUBHUX €JIEMEHTIB.

B kuu3i [7] BuBemeHi piBHSHHS pyXy TBepaoi OOOJIOHKM 3 KOJUBHUMH TOYKOBHMH
Macami. Jlesiki SKIiCH1 acMeKTH 3a7adl mpo pyX HABKOJIO HEPYXOMOI TOUKH TBEPIOTO TuIa 3
PYXOMOI0 Macow AochiypKyBanuck B [8]. B [9] po3risnaeTscs TBepae TUIO 3 HEPYXOMOIO
TOYKOI0, B SIKOMY B3JOBX MPSMOJIIHITHOTO k051002, SIKHH HPOXOIUTHh uYepe3 L0 TOUKY,
3MIACHIOE KOJMBAHHS MPUKPIMJICHA 10 MPYKWHUA TOYKA 3 33/IaHOK0 MACO¥0.

B crarmsax [10-12] posrispaerbess pyx TBEpAOTO Tiia, 70 SIKOTO B TOYI[ HEPYXOMO
3B’S13aHOIO 3 TITOM, MPHUKPIIUIEHA 33 JIOTIOMOTOI0 MPYKUHHOI B 531 3 KBaJ[paTHYHUM TEPTIM
pyxoma maca. BuBdaeTbcs pyx AMHAMIYHO CHMMETPUYHOIO TBEPAOIrO Tia 31 CHEpUUHOIO
MOPOYKHUHOIO, 3alOBHEHOIO DIOMHOI0 BEIMKOI B’SI3KOCTi, HECYYOTO PYyXOMYy Macy, sKa
MPUKpPIIJIEHA 3a JOTIOMOTOI0 TIPYXKHOT B’S31 3 B’A3KMM TEpPTSAM Ha OCI CHMETpIii.
PosrnsimaeThcst pyx HaBKOJIO LEHTpa 1HEPIlii OJU3BKO0 JI0 JMHAMIYHO C(HEPUIHOTO TBEPIOTO
TiJa, IKE MICTUTh B’ SI3KOTIPY>KHHM €JIIEMEHT.

B po6oTi [13] oriHeHO BIUIMB PyXOMHX TOYKOBHX Mac (JIHIMHHX OCIHJISATOPIB), SKi
3MIACHIOIOTH KOJIMBaHHS B3JIOBXK OCi CHMETpIii BOBUKa a00 B3J0BXK OCEH, OPTOTOHAIBHUX OCI
CUMETpii, Ha CTIMKICTh PIBHOMIPHOTO pyxa BoBUKa Jlarpanxka.

B po6Gorax [10, 14, 15] posB’s3aHa 3agada 0OpO ONTHMAIbHY 3a MIBUIAKOIIEIO
cTabumizallifo BUIBHOTO TBEPAOro Tila 3 PYXOMOI Macow, sKa 3’€JIHaHa 3 TUIOM
B’S3KONPYKHUM 4nHOM. JlocmimkeHa 3a1a4a mpo ONTUMaiIbHE 3a MIBUIKOAIEI0 TallbMyBaHHS
TBEPJIOTO Tia 31 C(HEPUYHOIO MOPOKHUHOIO, 3AMOBHEHOIO PIAMHOIO BEIIMKOI B’S3KOCTI, Ta
PYXOMOIO TOYKOBOIO Macol0, 3’€JHAHOI0 CUJIBHUM JeMrdepoM 3 KopmycoMm. Posrishyra
3ajlaya Mpo ONTHMallbHE 3a IIBUJAKOJIEI0 TrajlbMyBaHHS B CEPEOBHILI 3 ONOPOM TBEPAOTO
TIa 3 PYXOMOIO TOYKOBOIO Macoio, 3’€mHaHow nemmdepom 3 kopmycom. B [16, 17]
JOCTiPKEeHa 3a/a4a KBa3iONMTHUMAIIbHOTO 3a IIBHIKOAIEI0 KepyBaHHS 0OepTaHb JUHAMIYHO
CUMETPUYHOTO TiNa 3 B SI3KOMPY)KHUM €JIEMEHTOM B CepeloBHIII 3 omopom. Po3srisHyra
3alaya  KBa3IOMTUMAJIBHOTO 32 IIBUJAKOMAIEI0 TallbMyBaHHS 00epTaHb JUHAMIYHO
CUMETPUYHOTO TBEPAOrO TiNa 3 MOPOKHUHOIO, 3all0OBHEHOIO B’SI3KOI0 PIAMHOI, Ta 3
B’SI3KONPY)KHUM €JIEMEHTOM B cepeloBHILi 3 omopoM. B [18-21] posrisuHyTi 3amaui mpo pyx
TBEPAOTO TiIa BITHOCHO IIEHTPa Mac B CEPEOBHIII 3 OTIOPOM.

Posrnsimatotbes o0epTaibHi pyxu AMHAMIYHO CUMETPUYHOTO Tijia 3 PYXOMOIO TOYKOBOIO
Maco, sKa MPUKPIIUIEHA B’A3KONPYKHUM JeMI(epoM 0 TOYKM Ha oci cumerpii (B
HenepopmoBanomy cradi) [1, 6], B cepenoBuit 3 onopom. bymemMo BBaxaTH, 110 MOMEHTH
CHJI OTIOPY € JiHIHHUMHU Ta qucunatuBHuMU [1, 18-21]:

le =—¢l,p, ]\42r =—¢lyg, M3r =—elyr, 1,1, >0, (1)

ae |, l,— nmeski mocTiiiHI Koe(Ii€eHTH MPONOPLIMHOCTI, SKI 3aJIeKaTh Bl BIACTHUBOCTEN

cepenoBuIna Ta GopMu Tina.
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3 ypaxyBanusMm (1) HabmmkeHa cucrema pIiBHSHB 30ypeHOTO pPyXy B IPOEKIIAX Ha
TOJIOBHI IIEHTpaNIbHI OcCi iHepiii mae Burisia [1, 6, 18-21]

Ap+(C—A)gr =—¢l,p+Lar + Spr*,
Ag+(A-C)pr=—¢lq—Lpr+Sqrf, )
Ci =—¢l,r— AC'Sr’(p® +q°).

e P, q,r — mnpoekmii Bekropa aOCOMIOTHOI KYTOBOI IIBUAKOCTI @ Ha 3B'M3aHI OCI,
J =diag(A, A, C) — tensop inepiii He30ypeHOro Tija.

Koediuientn L, S B (2) BupaxkaroTbcs yepe3 napamMeTpu CUCTEMU HACTYITHUM YUHOM:
L=mp* Q?A°C(A’p® + A%q° +C*r?),

2 2443 4 3
S =mpZAQ“*C3(A-C)A

Koedimientn L, S xapakTepu3yioTh 30yproodi MOMEHTH CHJI, sKi OOyMOBIIEHI
HasBHICTIO B’SI3KOTMPYKHOTO €JIEMEHTa, M— Maca PyxOMOi TOYKH, O — BIJACTaHb Bill IEHTpa
Mac HeiepOPMOBAHOT CHCTEMH JI0 TOYKHU KPIIJICHHS, SIKa 3HAXOAUTHCS, 3a MPUIYIIICHHSIM, Ha
oci guHamiuHOi cuMerpii mporo Ttima. Cram QF = c/m, A=45/m BHU3HAYAIOTh YACTOTY

KOJIMBAHb 1 MBUJIKICT 1X 3racaHHs BiIOBIIHO; C— MKOPCTKICTh (KOCQIIIIEHT MPYXKHOCTI), O —
KoedimieHT B’s13K0CT1 Aemrdepa.

3 LIJIb TA 3AJAYI JOCJIIKEHHS

Hisutio pod0oTH € TOCTIHKEHHST PI3HUX BHIMAJKIB PyXy TBEPJOTO TUIa 3 BHYTPINIHIMHU
CTEIEHSIMH BUILHOCTI.
JlocmiKy€eTbCsl BUIIAOK TMOTYXKHOTO neMridepa, koiau koedimientn Q, A 3B’sa3aH1

HepiBHOCTMH [1, 6]:
Q°0 Aol o 4)

YMmoBa (4) mo3Bojisie BBeCTH Maydid mapameTp B (3) 1 BBakaTH BKaszaHi 30yprorodi
MOMEHTH MaJIMMH 3 METOIO 3aCTOCYBaHHSI aCHMIITOTHYHOTO METO/a ycepenHenHs [22].

Kpim Toro, HepiBHOCTI (4) M03BOJISIIOTh HEXTYBATH JUITHKAMH BUTHHUX KOJIMBaHb PYXIB
MacH, sKi OOyMOBJICHI MOYaTKOBUMHM BIIXWJICHHSMH, BHACIIIOK iX IIBHUJKOTO 3TAacaHHS 1
BpaxyBaTH BUMYIIEHI KBa3iCTalllOHAPHI PYXH, BUKIMKaH1 00epTaHHSAM Tija.

bynemo BBaxkaru, 1110 Q?leg, I ~¢.

Komu £=0, Q°=0, AQ™* =0 cucrema (1) iHTErpyeThCS, IPU LBOMY I =TI

[Mpunycrumo, mo r,=0. B npomy Bumaaky 3MiHHI [, ( 3[1iCHIOIOTH I'apMOHIYHI
KOJIMBAHHS, YaCTOTa SKUX |(C -A) I‘0| 3a1exutsb Bix I,. Toai cucrema piBHsAHb (1) HenmiHilHA.

3arajgbpHUI MOPOPKYBaTbHII Po3B’si30k cuctemu (1) [23]
p=acose, q=asing, r=r, (5)

3aCTOCYEMO SIK TIEPETBOPEHHS [0 3MiHHUX &, I, ne a >0, a=const, p=r(C — A)A't.

3 (5) onmepxxkumo, mo &= PCos¢ + (sing . IlincraBumo B 1eit Bupa3 P 1 ( 3 mepmux
nBoX piBHAHB (1). B pe3ynbrati ycepeaHeHHs oAep:KaHOTO PIBHSHHS IS a 3a ¢pa3orw ¢ [22]
1, BpaxoBYIOUH, 110 a’ = p? + g° 3anumemMo piBHsHHS (1) uia r y BUrsiai (kpamnka — moxiHa
3a yacoMm t):
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a=—-el,Aa+SAr'a,
r =—£l,C7'r — ACSr’a’.

(6)

3pilicHIOIOUM 3aMiHy 3MiHHMX X=a’, y=r>>0 cucremy (6) NpUBEIEMO JIO
HAaCTYITHOT'O BUIJIAAY:

% =-2x| gl At —SATY? |,

(7)

dy _ 4 -
E_—Zy[glsc +AC?Sxy |.

B 1iit cucremi X, Y — MOBUTbHI 3MIHHI.

4 PE3VYJIBTATHU JOCJIIAXEHbD

Cucrema (7) mpoinTerpoBaHa 4YmcelbHO 3a modaTkoBux ymoB X(0)=1, y(0)=1 Ta
napamerpiB p=1, m=1, 4=98, =10, £=0.1, I, =1.0. YncenbHuii po3B’I30K CUCTEMH
OTPUMaHO B MaremMaTHyHoMy makeTi Maple, 3 3actocyBanusm wmerona Pynre-Kyrru-
®enpbepra 1m’4Toro NOPSAAKY TOUHOCTI.

Ha puc. 1 — 4 306paxeno rpadiku BenuunH X =a’ i y =’ KBaJaparTiB eKBaTOpiaabHOT Ta
0CBhOBOT KOMITOHEHT KyTOBOI HIBHAKOCTI TBEpAOoro Tima y Bumagkax: 1) A=15 C=1 Tta

I,=1.25a60 I, =25 (puc. 1,3);2) A=4, C=2 Ta |, =1.25 abo |, =2.5 (puc. 2, 4).

1

0.2+

0.6+

0.4+

0.2

1] 10 20 30 40

Puc. 1. I'padixu 3miHEX X 1 Y BBumaaky A=15 C=1 1, =125

1

0.2+

0.6 1

0.4+

0.2

a0

Puc. 2. I'padixu 3mMiHHEX X 1 Y BBUmaaky A=4, C=2, |, =125
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20 30 40

Puc. 3. I'padixu 3minHux x 1y BBumagky A=15 C=1 |, =25

0.5
0.4
0.4+
}J
0.2

I:l T T
1] 20 40 &0 a0
t

Puc. 4. I'padiku 3mMinHux x 1 Yy BBunmagky A=4, C=2, |,=25

S OBI'OBOPEHHA PE3YJIBTATIB JOCJIIKEHHSA

Sk Gauumo, 3 puc. 1-4 s3mimEi Xx=a’ Ta y=r’ CHajalOTh ACHMMITOTHYHO
HaOMIKAIOUKCh 10 Hy/Id. Y BUNAJIKy BUKOHaHHSA ciiBBimHomeHHs A/C =1,/1,, cucrema (7)
Ma€ e€IMHHN po3B’s30k X = . Ilpu BukoHaHi HepiBHOcTi A/C > I, /|, 3MiHHA y mBHIIE
mparse A0 HyJs HbK X . SIKIIo A/ C<l, / |, HaBmaky, 3MIHHA X CHAJa€ MIBUJIC HUK ) .

Takox Xapaktep CriajJjaHHs BEJIUYHMH KBAJPATiB €KBATOPIAIBHOT Ta OCHOBOI KOMIIOHEHT
KYTOBO1 IIBUJKOCTI TBEPJOTO Tifla 3aJIeKUTh BiJ CHIBBIAHOLIEHHS MDK MOMEHTAMHU I1HEPIIi.
IIpu 3pocranHi Benuunad A/C (IpH OJHAKOBUX IHIIMX HapaMeTpax) CrnagaHHsI 3MIHHHX

x=a’ Ta y = r? BinOyBaeThCs MOBUIBHIIIIE.

6 BHCHOBKH

B pesynbrari mociimkeHHS pyXy B CEpEIOBUII 3 OMOPOM OIU3BKOTO A0 JUHAMIYHO
c(epUuHOTO TBEPJOTO TiIa 3 PYXOMOIO MAacCO0, 3B’S3aHOI0 3 TLIOM IPY)KHOIO B’SI3310 IpHU
HasIBHOCTI B’SI3KOTO TEPTs OJEPKAHO CUCTEMY PIiBHSAHBb pyXy B cTaHAapTHiN ¢opmi. Ilicns
OJIepXKaHHs YCepeJHEHOI CUCTEMHU 3HaWJIeHO YMCEeNIbHUM PO3B’sA30K 3aj4aui. EBomromis pyxy
TBEPJOTO TiNa OMHUCYETHCA PO3B’A3KaMM, $AKI MOXYTb OyTH BHUKOPHCTAaHMMH, NpHU
JOCII/DKEHH1 OpieHTallii Ta crabinizanii pyxXy CymyTHHKa BITHOCHO LIEHTpa Mac.
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