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PREFACE

The choice of the topic of this msonography was determined by the extensive
use of composite materials in various fields of industry. Research primarily of the
mechanical strength of structural elements consisting of composite material most
often comes down to the description of the distribution and dynamics of the
behavior of micro and macro deformations in the volume and on the surface of
composites.

The structure of the monograph includes seven parts. The first, introductory
part is devoted to general issues of using wavelet transforms for diagnostics of
inhomogeneities of mechanical and thermal fields in the volume of composite
material. The second part touches upon issues of using the Lamb transform method
in describing mechanical damage in composite materials. The third part of the
monograph is devoted to the issues of propagation of Lamb waves. Quantitative
characteristics of dispersion, scattering and interaction of Lamb waves are
considered in the fourth part of this paper. The use of ultrasound techniques, health
monitoring and analytical procedures for modeling wavelet transforms in the study
and description of deformations in the volume of reinforced composite structures
are considered, respectively, in the fifth, sixth and seventh parts of this study.



CHAPTER 1

INTRODUCTION

The widespread use of composite structures in various industries creates an
urgent need for testing and evaluation methods. Such methods could monitor and
characterize these complex materials. In addition, as a related goal, it is possible to
describe the behavior of such materials during their service life. Numerous
experiments and theoretical models have resulted in the development of a wide
range of analysis methods, which have been categorized as destructive and non-
destructive [1-7]. However, non-destructive methods are often the most attractive,
since they do not cause any damage or irreversible changes to the inspected part.

Some non-destructive testing methods are based on Lamb waves. Lamb waves
are resonant acoustic excitations guided by the surfaces of a plate structure and are
directed along the plate over large distances. These elastic waves are highly
dependent on the geometric and material properties of the propagating medium,
and thus, the analysis and characterization of Lamb waves propagating in a medium
of interest will also help to analyze and understand the medium itself. Non-
destructive testing methods using both Lamb waves and body waves have been
widely studied in various experimental and theoretical studies for the purpose of
characterizing and evaluating various materials and inspecting various structures
for any defects or damage [8—14].

Improvement and further development of Lamb wave-based methods can be
based on the results of experiments using ultrasonic waves and piezoelectric
sensors. In addition, the study of elastic properties, temperature fields and
moisture distribution in both laminated and reinforced composite samples can also
be significantly improved by using wavelet pre-transformations, including Lamb
wave transformations.

A widely used experimental setup for using ultrasound to investigate
composite plates is a completely non-contact hybrid system that uses air and laser
propagation paths. The results of the experiments form the basis for Lamb wave A0
modes. The method allows the frequency-wavenumber, phase velocity, and group
velocity curves for the Lamb wave AO mode to be measured in anisotropic material
quickly using Snell's law and the time-of-flight concept.

The Lamb wave modulation is obtained by imposing a thrust-free boundary
condition on the equations of motion. This approach introduces the phenomenon
of dispersion, i.e. the wave propagation velocity along the plate is a function of
frequency. The dispersion relation of Lamb waves for a linear, homogeneous, and
isotropic elastic plate placed in a vacuum, bounded by surfaces z = + h/2 and infinite
in the x and y directions, is given by

2
) 4k2q2{1_£tan(ph/2+y)] 1)

Ez q tan(gh/2 + y)
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where y = 0 and /2 represent S and A Lamb wave modes,
pP="-k%, 9P =" —K5, (1.2)

k is the wagvenumber;
o is the angular frequency;
c.and cr are longitudinal and transverse velocities inside the plate, respectively.

Equations (1.1) and (1.2) are written for the time-harmonic wave motion
corresponding to the plane strain in the (x, z) plane of the given plate. In addition,
the directed wave field is represented by a propagating wave in the x direction and
a standing wave in the z direction.

Wave interactions depend on the properties of the components, geometry,
direction of propagation, and frequency for waves propagating in multilayer
composites. The exact dispersion relations of symmetric and antisymmetric wave
modes in a plate can be formulated from three-dimensional elasticity theory. The
formulation can then be extended to composite laminates with arbitrary stacking
sequences. In a single plate, the closed-form dispersion relation relating x and k in
a fixed propagation direction is

Hyi(HpHs, — HysHgy Jtan(gh/2+ @)+
+ H12(H23H31 - H21H33)tan(§2h/2+(0)+

where ¢ = 0 and 1/2 represent anti-symmetric and symmetric Lamb wave modes,
respectively;

h is the thickness of the single lamina;

& (=1, 2, 3) are the fixed variables;

H;; are quantities that are given by equations

Hyj =Cygky +CoskyR; +Cgs&;S; +Casky +kyR; ), (1.4)
sz :C44(§jRj +kij)+ C45(§J +kXSj)’ (15)
Hs; =C45(§jRj +ky5j)+C55(§j +kxsj)' (1.6)

where
Cij are the elements of the stiffness matrix;



kx = kcos (¢); ky = ksin (¢);
¢ is the direction of wave propagation in the lamina composite;
R;, S; are the real-value coefficient related to the displacement coefficients,
elements of stiffness matrix, wavenumbers, frequency and material density.

The Lamb wave velocity can be used to analyze the properties of composite
materials. The phase velocity vector using the following formula

!

c. =9% (1.7)

)
Co=—) 1.8
” (1.8)

where k is the wave vector.
The phase velocity depends only on the wave vector, its modulus and,
consequently, the direction of wave propagation in the medium. In isotropic

materials, ¢, depends only on the modulus of the wave vector k.
The group velocity (cg), on the other hand, is defined as

Cqy = grad, [w(K )] . (1.9)

This velocity has components in the x and y axes as cgx and cgy, respectively,
and corresponds to the following matrix

C cosep —sin dew/dk
i i R
Cay sinp cose ||dw/kde
Under these conditions, the amplitude of the group velocity is equal to

[.2 2
Cg =+/Cqx + Cgy - (1.112)

For the simplest case of an isotropic composite material, it can be concluded
that since o is a function of k only and thus 6®w/0¢ = 0 then the magnitude of the
group velocity is

_ Ow

Cqh =—. 1.12
9 ok 1.12)
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In experimental studies, the presence of an air-coupled transducer allows the
generation of Lamb waves in composite laminates. The system of control equations
is written under the assumption that the laminated composite sample can be
considered as an infinite plate immersed in a non-viscous liquid (air). Thus, the plate
is excited by a volumetric ultrasonic wave propagating in the air and hitting the
boundary between the air and the plate at a certain fixed angle 6.

Partial reflection followed by escape into the air half-space above the plate
and partial refraction into the plate is observed when a body wave in air with wave
number ki collides with the surface of the composite plate. The interference of the
longitudinal and shear volume Lamb waves generated in the plate, refracted by the
upper and lower surfaces of the plate, will be observed along the x-direction.

The Lamb wave has a wave number k. The horizontal projection of the wave
number of the incident wave is kx. Since kx = ki sin h, then

k=k;sind (1.13)
and
k=2, k=2, (1.14)
Cc Cp
where c is the speed of sound.
In this case
sinezi. (1.15)
Cp

Since the dispersion pattern in Lamb modes depends on the frequency,
identifying specific symmetric and antisymmetric modes greatly simplifies the
analysis. Experimental methods for detecting damage in structures using Lamb
waves estimate the time of flight of scattering waves for damage. At subsequent
stages of analysis, the location and size of damage in the volume of the composite
sample are determined from the numerical values of phase and group velocities.

The experimental implementation of the hybrid non-contact system includes
an air-coupled transducer that generates ultrasonic pressure incident on the
surface of a composite plate. The incident pressure waves are partially reflected
and partially refracted in the plate, generating longitudinal and shear waves. The
out-of-plane velocity measurement of the propagating Lamb wave mode, formed
at some distance from the excitation region, is carried out using a laser Doppler
vibrometer.

The characteristic dispersion dependencies for the phase ¢, and group cg
velocities are given in Figures 1.1 - 1.4.



0 50 100 150 200 250 300 350
f, kHz

Figure 1.1. Phase velocity dispersion curve ¢, = ¢, (f) for AO mode along 45°
propagation direction.
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Figure 1.2. Phase velocity dispersion curve ¢, = ¢, (f) for AO mode along 90°
propagation direction.
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Figure 1.3. Group velocity dispersion curve ¢z = ¢z (f) for AO mode along 45°
propagation direction.
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Figure 1.4. Group velocity dispersion curve ¢g = ¢z (f) for AO mode along 90°
propagation direction.
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To obtain the group velocity dispersion curve for a given wave propagation
direction, the time of flight of wave packets was analyzed. In particular, the Morlet
wavelet transform was used to automatically process the received Lamb wave
signals in order to improve the accuracy of the time of flight. The time of reaching
the maximum is related to the arrival time of the Lamb wave mode AO. The first
step of the calculation uses the Morlet wavelet as the mother wavelet, and then
divides the propagation distance by the arrival time, which is the time difference
between the first and second stored times from the mother wavelet transform.
Polar group velocity curves (wave curves) were obtained using the mother wavelet
transform method along different propagation directions inside the composite with
a step of 15° The characteristic wave curves of the laminate for the Lamb wave
mode AO are obtained for different central frequencies. The results clearly indicate
the angular dependence of the A0 mode in the laminate with its maximum group
velocity along the 0° and 45° directions.

Currently, researchers are paying attention to the creation of new effective
computational methods for calculating the stress-strain state of structures made of
composite materials. In addition, for practice, a mandatory addition is the
development of non-destructive testing methods and methods for monitoring the
technical condition of structures, which are usually based on the analysis of the
propagation of elastic waves in layered media. The use of direct numerical methods
(in particular, the finite difference method) for modeling composite structures is
the most universal approach [15-22]. This approach is aimed at obtaining an
approximate solution for objects of any shape. It should be noted that
computational methods of this type are the most computationally expensive. An
increase in the number of elements is inevitable in areas of rapid changes in
solutions or environmental characteristics (corner points, interfaces between
contrast layers, etc.) and especially in the case of high frequencies.

One of the successful methods for describing mechanical stresses is the
construction of the Fourier transform of the Green’s matrix, the poles of which
determine the wave numbers of a composite consisting of N anisotropic layers, as
well as the study of the dispersion characteristics of the layered structure. he
algorithm for recursively calculating the Fourier transform of the Green’s matrix
requires only the procedure of inversion of 6 x 6 matrices for any number of layers
in the composite. This approach allowed us to obtain curves and surfaces describing
the wave numbers, phase velocities, and group velocities of the wave front of Lamb
waves. The set of Lamb waves can be considered as a network of wave packets that
propagate in symmetric and antisymmetric composites with respect to the
direction of propagation and the oscillation frequency. Wave packets propagate in
an elastic medium and excite deformations that contain all three components of
the displacement vector. The basic equations of elasticity theory for each of the
three-dimensional layers of a non-uniform anisotropic multilayer (packet of N
layers) elastic medium have the form
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oo o%uf"

— p(n)

x e (1.16)

wherej=1,2,3;n=1, .., N.

The composite sample has a volume of o < x, y <0, zn+1 <2 <0, where zy41 is
the distance from the lower boundary of the N-th layer to the upper surface, z1 =0,
p" is the density of the n-th layer. The layer number will be designated by a
superscript. The relationship between mechanical stresses and deformation can be
described by the equations of the linear theory of elasticity

o —c 0, (1.17)

where Cl(]k)m is a the stiffness tensor of the n-th layer.
When the coordinate system changes, the tensor coordinates change

according to the formula

CSE?n = @pjagir amlcl(pr:a)rl ’ (1.18)

where C’(qu are the coordinates of the stiffness tensor with respect to one

coordinate system;
aijis a 3 x 3 rotation matrix.

The wave characteristics of the composite according to such a model will be
determined by the physical characteristics of the layers and the oscillation
frequency. In addition, the characteristics of the wave packets and the direction of
their propagation in the composite also depend on the direction of the applied load
and the local calculated form for the volume of the composite structure.

The calculation model uses a two-dimensional Fourier transform of the
displacement vector of the n-th layer u"(x, y, 2)

Ui (g, 5, 2)= F[uﬁ”)]: I J.uﬁn) x, Y, z)expli(ayx + @, y)|dxdy . (1.19)

—Q0
Fourier transforms allow us to write the following matrix relations

sOu®  =q, (1.20)

Z:Z]_
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du (n)

= ANy ™, (1.21)

[BMU ™ gty (4] =0, n=1..,N-1, (1.22)

Z=Zpy

sy M -0, (1.23)

n+l

=17

where U(n) is the Fourier transform of the vector of displacement components and
their ordinary derivatives with respect to z

TR VIRV OV ORTEURTE ORUE O (1.24)
0 1
A ZK (n,20)-1% (n,20)-1% ]' (1.25)
ATTTTA AT A
where
A =AMDg2 L A0 g2 A0Sy o) AMOD), (1.26)
A, = i[A(”'ll)al + A(”'lz)az] , (1.27)
where

A gre the matrices with elements ng);
B(" are matrices that characterize the interaction of layers.

The matrices A", B™ depend only on the material properties of each layer, the
oscillation frequency ® and the Fourier variables o1 and a.

The method presented here is related to a linear problem, therefore it is
possible to expand the Fourier transform of the displacement component vector
with respect to the components of the applied load Q = {Qi1, Q2, Qs} as follows

u® (al’asz)zul(n) (0‘11052’ Z)Ql +U§n) (0‘1,0‘2'Z)Q2 +

3

+US" (e, 2,2)Q3 = D UMQ,,. (1.28)
p=1
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For each layer n in the Fourier domain, the solution to this problem can be
represented in matrix form

U(n)(al,az,z): K(n)(al,az,Z)Q(al,az), (1.29)

where K™ is the Green’s matrix of the problem.

The displacement vector u(n) gives the solution to the problem as a result of
the inverse Fourier transform to the displacements U(n) found in the Fourier
domain

1

4—2 '[ JU (n) (061,0(2, Z)exp[— |(a1X+ azy)]daldaz . (130)
v/

—00 —00

u"(x, y,z):F‘l[U(”)]:

The phase velocity of the mode k can be found via

(@, )= —2
ey (@, 7)= , (1.31)
P
¢ (o, 7)
and the partial derivative is defined as a group velocity for a direction y by
0w e (1.32)

oc®(m0) M y) - @y, 7)

The calculation method is based on the consideration of dimensionless
frequencies wh/cT and dimensionless velocities cy/cr, with which symmetric and
antisymmetric modes propagate. The wave packet velocity vectors were located in
two directions: in the xy plane at an angle of ¢ = p/6 relative to the x axis, and along
a straight line at an angle of ¢ = p/4 to the x axis in the xy plane. A significant number
of studies on the features of Lamb wave propagation in composite structures
analyzed the phase velocity graphs depending on the propagation directions for
fixed numerical values of the dimensionless frequency xh/cr (in particular, for the
dimensionless frequency, the following values can be specified: 4 and 1.78). The
theoretical analysis of the propagation features of Lamb waves is conveniently
performed for the following package of dimensionless quantities: dimensionless
frequency xh/cr, dimensionless wave numbers C-h, dimensionless phase velocity
co/crand dimensionless group velocity of the wave front cg/cr, where x is the angular
frequency in rad/s, h is the total thickness of the composite, f are the dimensional
wave numbers, cp, Cg are the phase and group velocities.

The dispersion curves for the propagation of wave groups are characterized by
dimensionless propagation velocities cp/cr of symmetric and antisymmetric modes
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for dimensionless frequency xh/cr. he change in phase velocities depending on the
direction of propagation was characterized by the values of the dimensionless
frequency xh/cT equal to 3.4 and 1.72, respectively.

The numerical method considered is quite universal and allows uniformly
study not only Lamb waves, but also any oscillations in a package of anisotropic
layers with arbitrary elastic anisotropy and arbitrary spatial orientation. This
theoretical analysis for each layer in a large frequency range based on a single
formalism uses the Fourier transform of the Green’s matrix. The formalism
considered here, despite its redundancy for the task of studying dispersion curves,
is quite universal. The numerical method allows one to study in detail practically
any combination of elastic characteristics of a layer package, their alternation,
orientation, type of symmetry, etc.

It should be noted that various combinations of layers consisting of only one
material can be considered as elastic waveguides with different properties. The
change in the sequence of mutual orientation of the layers had only a slight effect
on the nature of the phase velocity surfaces and group wave surfaces. In some
cases, changing the mutual orientation of the layers and the number of layers led
to the appearance of a noticeable anisotropy of their characteristics, in other cases
to almost complete anisotropy. For almost all experiments, the AO mode had a
pronounced dispersion of phase velocities and a wave front group in the low-
frequency range. On the other hand, for the SO and SHO modes, the group and
phase velocities were practically independent of frequency, but they exhibited a
more pronounced anisotropy.

The occurrence of multivalued group velocities of the wave front in the low-
frequency range was quite typical for non-quasi-isotropic composite stackings.
Experimenters and analysts expect that such a feature may manifest itself for most
directions. ncreasing the number of wave packet modes for the high-frequency
range does not require a change in the calculation methodology, but leads to a
significant increase in the computational load.

Structural components made of composite materials are widely used in various
industries. The reasons for this popularity include the following advantages over
conventional metallic materials: higher strength-to-weight ratio and higher
stiffness-to-weight ratio [23-25]. However, normal service conditions of structures
involve frequent changes in environmental conditions such as temperature. During
thermal cycling, thermal stresses are generated in composite laminates. Cyclic
thermal stresses can cause damage. These damages and deformations are similar
to those observed under mechanical cyclic loading, namely transverse matrix
cracks, delamination. In addition, the need for long-term service life of composite
parts and the importance of operational safety should be taken into account. Even
small damages accumulated due to thermal fatigue often pose a great danger to
preventing unpredictable catastrophic failures caused by microdamages. The
combination of these factors is the reason why non-destructive detection of
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thermal fatigue at an early stage is of great importance in the long-term operation
of composite parts and structures.

The most promising tool for non-destructive testing of the quality and integrity
of structures, especially those made of laminar composites, is the ultrasonic wave
technique based on the use of Lamb waves. However, most of both experimental
and theoretical methods were limited to using the linear characteristics of Lamb
waves only for detecting macrodamages located within local areas in the volume of
the composite [26-28]. Linear ultrasonic wave methods are less sensitive to
detecting microdefects. Therefore, special attention has been paid to the
development of nonlinear ultrasonic techniques as a potential means for detecting
microdefects. The few studies have focused mainly on the use of nonlinear elastic
wave spectroscopy to assess impact damage in composite materials. The nonlinear
elastic wave approach has been shown to be more sensitive to microdamage than
linear acoustic methods. The high sensitivity of the nonlinear ultrasonic approach
and the advantages of the nonlinear Lamb wave method have attracted
considerable attention. In particular, nonlinear ultrasonic Lamb waves have been
successfully used to assess microdamage in metallic structures. However, the use
of nonlinear ultrasonic Lamb waves has rarely been applied to detect microdamage
in composite structures. An obstacle in applying the nonlinear technique to
composites is that it becomes difficult to control the tiny second harmonic
amplitudes reliably in highly attenuated composites. Furthermore, the dispersive
and multimode nature of Lamb modes potentially complicates efficient second
harmonic generation.

Consequently, the studies on the application of nonlinear methodology to
composite structures have focused on the study of the second harmonic generation
characteristics of Lamb wave propagation in laminar composites. In particular, the
Lamb mode “phase matching” method was chosen to detect the second harmonic.
The difficulties arising from the multimode nature of Lamb wave propagation were
overcome by using the group delay approach. This technique allowed the thermal
fatigue damage to be assessed in the specimens. Composite specimens were
subjected to artificial thermal fatigue to simulate the effect of temperature change
in operational composite structures. A correlation was found between the acoustic
nonlinear parameter and thermal cycles. In studies using a similar technique, the
sensitivity thresholds of linear and nonlinear ultrasonic parameters to thermal
fatigue damage were estimated.

A nonlinear phenomenon in which the propagation of a monochromatic
ultrasonic wave over a certain distance in a composite material with nonlinear
characteristics leads to the generation of an additional two-frequency harmonic
wave is called second harmonic generation. The dispersive nature of Lamb waves
results in the second harmonic generation effect being quite weak. An important
step in the calculation method is to describe the second harmonic generation
together with the cumulative propagation of Lamb waves. In this case, the
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cumulative effect of the second harmonic amplitude allows the nonlinear effect to
be measured with a sufficient signal-to-noise ratio. The second harmonic modes of
Lamb waves exhibit a cumulative effect under the conditions of "phase matching"
and non-zero power transfer from the fundamental mode to the second harmonic.
Except for AO and SO, the two fundamental Lamb modes in the plate structure, all
other modes satisfy the non-zero power flow condition.

The mode with the minimum characteristic frequency is selected for the study
as the fundamental frequency mode, since this mode satisfies the phase matching
condition. This condition results in the two-frequency Lamb mode (S2 mode) being
generated by the cumulative effect. The two-frequency Lamb wave, based on the
fundamental mode S1, has the same phase velocity and group velocity. This factor
was the reason for the combined analysis of both the fundamental mode (mode S1)
and the two-frequency second harmonic Lamb mode (mode S2).

For the experimental generation of Lamb waves, a laboratory technique of
combining a piezoelectric transducer and a wedge was used. The angle of incidence
for the generation of Lamb wave modes was determined by Snell's law

¢, =—L1, (1.33)
siné

where

c1 is the longitudinal wave velocity in the wedge material;

Cp is the phase velocity of the Lamb mode;

Ois the incident angle.

Experimental studies have shown that the generation of the S1 mode is
correlated with the generation of the A1 mode. The reason for this correlation is
their relative proximity to each other in the phase velocity dispersion curve. This, in
turn, is due to the multimode nature of Lamb wave propagation. However, the
group velocity of the S1 mode is very different from that of the A1 mode, since it is
noticeably faster than Al. It is found that after the multimode signal propagates for
a certain distance, the S1 wave packets containing the dual-frequency content of
the S2 and A1 modes are eventually separated.

If the propagation distance is short, the multimodes will not be separated
correctly. As the propagation distance increases, the mode separation becomes
visible, since the time-of-flight gap due to the group velocity difference becomes
noticeable. As a result, only a portion of the S1 mode can be selectively selected.

Therefore, the frequency spectrum analysis for filtering the second harmonics
is performed within a time gate placed above the S1-S2 wave packet, maintaining a
propagation distance comparable to the dimensions of the composite sample to
avoid the influence of A1 and other modes. The measured signal generated by the
Lamb wave in the time domain is processed by the fast Fourier transform to obtain
the frequency spectrum. The frequency spectrum allows us to analyze the behavior
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of the amplitude of the fundamental Lamb mode S1 (A1) and the two-frequency
second harmonic of the mode S2 (A2).

Spectral dependences for the phase and group velocity of Lamb wave modes
are illustrated in Figures 1.5 - 1.10 (¢’p = ¢p / Cch, C'g = Cg / Cch, f' = f / feh, Where cch
and f.n are the characteristic speed and frequency, respectively).
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Figure 1.5. Phase velocity dispersion curve ¢’y = ¢/, (f’) for SO and S1 modes of Lamb
wave.
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Figure 1.6. Phase velocity dispersion curve ¢’y = ¢/, (f’) for S2 and S3 modes of Lamb
wave.
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Figure 1.7. Phase velocity dispersion curve ¢’y = ¢’y (f’) for AO and A1 modes of Lamb

wave.
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Figure 1.8. Phase velocity dispersion curve ¢, = ¢’y (f’) for A2 and A3 modes of Lamb

wave.
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Figure 1.9. Group velocity dispersion curve ¢’s = ¢’s (f’) for A1 and A2 modes of Lamb
wave.
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Figure 1.10. Group velocity dispersion curve ¢’ = ¢’s (f’) for S1 and S2 modes of Lamb
wave.
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The A1 mode is an independent incident mode, which is separated from the
S1 mode packet by the group delay method. It should be noted, however, that the
two-frequency Lamb mode (S2), which is controlled by the fundamental mode S1,
depends on the fundamental mode (S1). The group packet of S1 modes, passing
through the volume of the composite structure, transfers the fundamental and the
two-frequency second harmonic wave.

The analysis of the dispersion curves allows us to conclude that the
fundamental mode (S1) and the second harmonic mode (S2) have the same phase
velocity and group velocity. The detected tendency is similar to the phase condition
in resonant vibration, since the generated S2 mode has the same phase and group
velocity as the fundamental mode S1. Separation of these two modes in the time
domain spectrum is not an ordinary task. However, the study of the frequency
spectrum allows us to obtain their amplitudes in the frequency spectrum. The
spectra of the fundamental mode S1 and the second harmonic mode S2 are clearly
separated in the frequency domain.

A large number of experimental and analytical studies on the propagation
characteristics of Lamb pulses in the volume of composites lead to the conclusion
that there are two main mechanisms of amplitude attenuation, which are "material
attenuation or damping" and "wave packet propagation" corresponding to the
wave dispersion effect.

Since the guided wave modes in this study are selected in the non-dispersive
frequency range, it is assumed that the amplitude decay is mainly affected by the
attenuation. Attenuation is an important characteristic of the propagation of the
Lamb guided wave. The attenuation effect is equivalent to the decrease in signal
strength after the wave travels a certain distance. The attenuation of the wave is
determined by the attenuation coefficient.

A typical experimental technique using Lamb pulse echo to measure the
attenuation coefficient is to compare two amplitudes of a particular mode captured
at two corresponding travel distances. We denote the attenuation value as a. The
magnitude of the attenuation uniquely determines the decrease in the wave
amplitude depending on the frequency and mode. Therefore, the following
relationship is true

Axl

Ax2

In

=a(x, —x), (1.34)

where

Ax1 and Ax; are the amplitudes of the wave mode signal;

x1 and x2 are the corresponding signal travel distances at which the specified
amplitudes are recorded.
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In general, an ultrasonic Lamb wave propagates as a wave packet. This wave
packet contains a number of adjacent frequency components around a central
frequency. The velocity of the wave packet can be considered as the group velocity.
The phase velocity is equal to the velocity of a pure single-frequency wave mode.
The phase velocity also determines the speed of energy carried by the wave packet.
The relationship between the group velocity and the energy carried by the wave
packet is observed for inviscoelastic materials when directional propagation is
considered.

In the Lamb wave experiments, unidirectional samples of laminar composites
were analyzed. Lamb waves in these samples propagated along the fiber direction.
The experimental group velocity of the Lamb wave, measured by a piezoelectric
transducer operating at a fixed frequency, can be determined quite easily. The most
effective method for such determination is to compare the time difference between
two different receiver positions in a given range with a theoretically predicted
value. The theoretically determined value is calculated by numerical differentiation
from the phase velocity dispersion curve. The Lamb wave group velocity changes
significantly with the material properties and depends on the thickness of the
specimens. When the wave passes through a damaged region with reduced
stiffness, the group velocity will be affected.

The nonlinear parameter of the second harmonic of the Lamb wave satisfies
the following relation

8A,
p= —szfX fy, (1.35)

where
k is the wavenumber of the Lamb wave;
x is the wave propagation distance;
A1 and A; are the amplitude of the second harmonic and fundamental wave,
respectively;
fx is the special function of the Lamb wave nonlinear parameter f3.
This special function is described by the following mathematical relationship

2 2 .2
_ cos (ph) L (k +q ) ’ (1.36)
cosh(2 ph) 2k 2
where
h is the thickness of the waveguide;
p = k% —k?;
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ki and k: are the wave numbers of longitudinal and transverse waves;

The functional dependence for the nonlinear parameter of Lamb waves leads
to the unambiguous conclusion that this parameter is determined as a function of
frequency, mode type, material properties and waveguide geometry. The
characteristic mode of the wave is chosen to detect acoustic nonlinearity in samples
with constant thickness at a fixed input fundamental frequency. When studying the
acoustic nonlinearity S1 at fixed frequencies, the influence of the characteristic
function can be neglected.

Theoretical analysis has shown that the normalized amplitude of the second
harmonic can be represented as the ratio of the amplitude of the second harmonic
divided by the square of the amplitude of the fundamental wave (4,/A42). In terms
of graphical illustration, such a feature corresponds to the slope of the line relating
the actual acoustic nonlinear parameter B to the propagation distance x for a fixed
wave number k and nonlinearity function f. In this case, the normalized amplitude
of the second harmonic can be written as

B = %aﬂx. (1.37)

The normalized amplitude of the second harmonic increases with the
propagation distance due to the presence of a cumulative effect. The increase is
observed up to a certain point, when the material attenuation becomes dominant.

Checking for this cumulative effect in measurements is important. Namely, the
presence of the effect ensures that the measurements from the samples are not
due to the uncertainty of the measuring system, but to the nonlinearity caused by
the damage.

The phase matching of the wave mode pair (S1, S2) to generate the cumulative
second harmonic wave avoids the dispersive and multimode nature of the Lamb
ultrasonic wave propagation. The group delay method is used to effectively
separate a large number of wave packet modes. The basis of this method is the
difference in group velocities among the different Lamb modes. Experimental work
has revealed a correlation between the acoustic nonlinearity of the Lamb ultrasonic
wave and the thermal degradation of composite laminates.

The nonlinear Lamb wave method is a promising tool for early detection of
thermal damage in composite materials.

Hydrothermal aging of composite materials is caused by two main types of
influences. According to the first mechanism, physical aging occurs below the glass
transition temperature (Tg) of the composite material, and is partially reversible and
leads to plasticization. The second aging mechanism is chemical in nature and is
observed above the glass transition temperature. The second aging mechanism is
completely irreversible and leads to hydrolysis. Water absorption by composite
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materials can cause serious degradation, the level of which can vary depending on
the temperature and exposure time.

The presence of moisture in most cases leads to swelling of composite
materials. In this case, microcavities inside the volume of the composite are filled.
Microcracks filled with moisture create microcracks at the boundaries between the
fibers and the matrix. Therefore, measuring the mechanical properties of composite
materials can be a way to assess the moisture content [29-31].

The C-scan immersion ultrasound method for measuring the phase and group
velocities of broadband pulse echo is often used to monitor the moisture content
of composite materials. The results of this technique allow us to determine the
elastic modulus in the direction normal to the material plate. Over time, when the
material plate is subjected to hydrothermal aging, both the phase velocity and the
attenuation of the bulk waves are studied. Experimental techniques use
piezoelectric transducers, either implanted in the sample (contact technique) or
through a water connection (immersion technique). The measured acoustic
parameters are then related to the viscoelasticity and microstructure of the
propagation medium, which change with the level of humidity.

The moisture content of the reinforced composite plates can be controlled
using Lamb waves. The wave packet modes are generated and detected using air-
coupled ultrasonic transducers. The transducers are located on one side of the
composite sample. Due to these features, it can be stated that the method is
contactless and one-sided. This satisfies the limitations of industrial non-destructive
testing. The methodology is complemented by a quantitative assessment of the
complex wave numbers of the guided Lamb wave modes.

The numerical model can also be used to predict the wave number dispersion
curves for Lamb modes. The experimental technique allows to investigate the
sensitivity of Lamb waves to changes in viscoelastic moduli. Hydrothermal aging,
similar to the humid conditions encountered during the operation of structures, is
applied to the composite plate.

Subsequent dehydration of the composite sample is used to control the
reversibility of the absorption phenomenon. During several stages of hydrothermal
aging and drying, the changes in the plate weight and the complex wave numbers
of the three Lamb modes AO, SO and S1 are measured. Analysis of the results of
ultrasonic measurements with numerical predictions allows us to formulate and
solve the inverse problem for deriving the material properties, i.e. the complex
viscoelastic moduli of the plate.

The changes in these moduli are compared with the weight changes. Such a
synthesis of experimental and analytical methods allows us to make predictions
about the potential of non-contact, one-way, ultrasonic technology for monitoring
the moisture content of composite materials.

The method of surface impedance matrices is used to construct dispersion
curves (complex wave numbers K = K’ + ik’ depending on the frequency-thickness).
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In this case, the wave modes are directed along the x; of the plate (or x3, since the
planes P, and P13 are identical). The method of describing the properties of
laminated composites is based on the use of complex viscoelastic moduli, C; = C'ij + C"'j;,
of the equivalent material, which were measured using the classical immersion
ultrasound technique. These moduli are defined on the coordinate axes xi
(perpendicular to the plane of the laminate), x> and x3 (located in the plane of the
laminated composite).

Spectral dependences (argument f/d, where f is the frequency and d is the
thick of a sample) of viscoelastic moduli for different Lamb wave modes are shown
in Fig. 1.11—-1.14. As for the real and imaginary parts of the wave numbers, it should
be noted that the real part K’ is associated with the phase velocity of the modes,
and the imaginary part K"’ is associated with their attenuation.

The sensitivity of Lamb waves to changes in viscoelastic moduli has also been
analyzed in detail. The first step in the analysis was to determine the numerical
values of the viscoelastic moduli carried by the different Lamb modes. Dispersion
curves have been plotted for the AO, SO, and S1 modes, first using fixed values of
the complex Cj, and then increasing by a quarter either the real or the imaginary
part of one of these moduli.
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Figure 1.11. Effect of 4 change of C'110n real-part complex number K’ (index
“+” for modified part).

Comparisons between the different plots thus obtained show the individual
effect of each C’ or C''jj on the complex wave numbers. Figures 1.15 — 1.16 show
the changes in both the real and imaginary parts of the complex wave numbers
befor and after drying.
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Figure 1.12. Effect of % change of C'11 on imaginary-part complex number K"’
(index “+” for modified part).
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Figure 1.13. Effect of % change of C'; on real part complex number K’ (index “+”
for modified part).
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Figure 1.14. Effect of % change of (' on imaginary-part complex number K”

(index “+” for modified part).
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Figure 1.15. Measurements real part complex number K’ before (lines) and after
(triangles) drying.
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Experiments indicate a significant sensitivity of Lamb waves to the moisture
content of laminated composite plates. It can be argued that the AO mode decay is
a good indicator of the moisture content of the material, since its changes during
the aging-drying processes very well follow the changes in the weight of the plate.
In addition, the AO mode decay is found to be sensitive to the imaginary part of the

Coulomb modulus in the plane of propagation.
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CHAPTER 2

DAMAGE IDENTIFICATION

The advantage of using Lamb waves in damage detection is that they are highly
sensitive to disturbances in the propagation path, such as a fault or boundary. In
addition, Lamb waves can propagate over long distances even in highly attenuating
materials such as carbon fiber-reinforced composites. As a result, a wide area can
be quickly investigated in experimental studies of, for example, laminated
composites. The entire thickness of the laminate can also be related to different
Lamb modes. This makes it possible to detect both internal and surface damage.
The range of potential damage types that Lamb wave analysis can detect is quite
wide.

In general, the Lamb wave approach to damage detection is characterized by
(the ability to inspect large structures while preserving coating and insulation. In
addition, the ability to inspect the entire cross-sectional area of the structure is
preserved. The Lamb wave packet-based technique has high sensitivity to multiple
defects with high identification accuracy. The analysis of Lamb wave propagation in
anisotropic viscoelastic media is quite a challenging task.

With very high speed, waves reflected from boundaries can easily hide
components scattered by damage in signals. To ensure accuracy, the structure to
be tested can be relatively large and with a relatively small detection area. Lamb
waves are usually characterized by several wave modes. The dispersion properties
of such wave formations are not identical throughout the thickness of the
composite, even for the same mode, but in different frequency ranges. Existing
methods of both experimental and theoretical studies provide the possibility of
identifying damage using Lamb waves for fiber-reinforced composite structures.
Lamb waves propagating in composite structures have unique characteristics of
dispersion processes. The features of Lamb wave propagation in composite
laminates provide a free choice of their generation mode.

Lamb waves, consisting of a superposition of longitudinal and shear modes,
are observed in relatively thin laminated composite plates. Their propagation
characteristics vary with the angle of entry, excitation, and structural geometry.
Lamb waves, consisting of a superposition of longitudinal and shear modes, are
observed in relatively thin laminated composite plates. Their propagation
characteristics vary with the angle of entry, excitation, and structural geometry. A
Lamb mode can be either symmetric or antisymmetric and are described,
respectively, by the following relations:

symmetric modes

tan(gh) ~ 4k’qp

tan( ph) (kz ~ q2)2 ’ (2.1)
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anti-symmetric modes

2 2F
tan(ah) _ [k o ) 2
tan( ph) 4kqp
2 2
p2:a’_2_k2, qzza)_z_kz’ k=2 (2.3)
CL Cr Cp

where

h is the plate thickness;

k is the wavenumber;

cis the velocity of longitudinal mode;

cr is the velocity of transverse mode;

Cp is the velocity of phase mode;

wis the circular frequency of Lamb wave.

The relationship between propagation speed and frequency implies that Lamb
waves, regardless of mode, are dispersive (speed depends on frequency). The
presence of Lamb wave modes is accompanied by a transverse (shear) motion
different from normal shear waves (vertical shear mode) in laminated composites.
Perpendicular to the plane of the composite cross-section of propagation, such a
mode has been accordingly called the shear horizontal (SH) mode (Lave wave).

The anisotropic properties of composite structures give rise to physical
processes such as direction-dependent velocity and the difference between phase
and group velocities. In an N-layer composite laminate, the Lamb wave can
generally be described using its displacement field, u, satisfying the Navier
displacement equations in each layer

2 o%u
4"V u”+(/”t”+,un)V(Vun)=p”8—, n=12,..N, (2.4)
t

where

p' is the density of the ith layer;

A'is the first Lame’ constan of the ith layer;

L' is the second Lame’ constant of the ith layer.

In most cases, when propagating through the volume of a composite, there is
attenuation in magnitude, a change in the propagation speed, and a change in wave
number, called dispersion.

Analysis of experimental measurements shows that Lamb waves are capable
of propagating over relatively large distances even in composites. Larger
propagation distances are typically observed in carbon fiber-based materials than
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in glass fiber-reinforced materials. Artificial or natural stiffening can slightly increase
attenuation. The most serious influence on attenuation is exerted by the presence
of surface coating materials, which can cause very significant attenuation.

Accurate consideration of the boundary conditions on each layer of the
laminar composite leads to a complex dispersion equation

Aok, 2", 1", )|=0, (2.5)

where the conditional dependence can be considered: ® = ® (k, hn, An, Hn).

Lamb wave fault identification essentially depends on the interpretation of the
captured wave signals. Determining the signatures useful for fault identification
from the collected Lamb wave signal typically involves a number of interferences.
Such interferences include: contamination by various noises, interference from
natural structural vibration, confusion of several modes, and set of the sample data.
In this regard, various signal processing and identification methods have become
widespread, in particular, time series analysis, frequency analysis, and integrated
time-frequency analysis.

Time domain signal analysis can detect damage both globally and locally. In
particular, delamination in a composite beam can be detected by measuring the
time of flight in the final Lamb signal. Time series analysis can be applied to
waveforms for damage detection using a two-stage prediction model. As a result of
applying this technique, it can be found that the difference in time domain signals
between the defective structure and the reference, defined as the residual error,
will be greatest for sensors near the damage.

A slightly different approach to structural damage detection is based on the
combination of independent component analysis in the time domain. This
technique allows the detection of key features from the measured vibration signals.
However, with the exception of a few successful applications in fault localization,
direct time series analysis is usually unable to isolate information scattered across
defects properly from noise in different frequency ranges. In addition, a reference
signal is needed for comparison.

A significant number of works are devoted to the study of a dynamic signal in
the frequency domain using the Fourier transform. This transform mathematically
transforms the time-dependent Lamb wave signal, f(t), into frequency space
according to the equation

F(w)= Tf(t)exp(— jot)dt, (2.6)

—00

where o is the angular frequency;
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jis the unit complex;
F(w) is the Fourier counterpart of f(t).

The fast Fourier transform and its two-dimensional form, which are derived
from the Fourier transform but with improved capabilities, are often used to
analyze Lamb wave signals, and can significantly speed up the calculation process.
A simplification of the explicit analysis of multimode Lamb waves can be obtained
by measuring the response of a composite plate at a number of equally spaced
positions on the surface and then applying a 2D Fourier transform. In subsequent
steps, different modes at different frequencies in the frequency-wavenumber
domain can be distinguished.

As an example of an experimental setup, a laser ultrasound system for
generating Lamb waves in the direction perpendicular to the laser beam can be
mentioned. In this case, the spatial orientation of the laser line source was
controlled by mirror translation. Subsequently, a two-dimensional Fourier
transform was applied to the signals collected from different positions using a
Michelson interferometer along the scanning path. In this way, dispersion curves
could be obtained.

A similar principle was used as the basis for the experimental setup, where a
pair of transducers was used to measure signals at equally spaced positions. The
second stage involved analyzing the two-dimensional Fourier transform. This
analysis ended with the separation of symmetric and antisymmetric Lamb modes.
The resulting Lamb wave spectrogram in the frequency-wave number region
contained a region where several modes were already separated, even for those in
the same frequency band.

The deficiencies of dynamic Lamb wave analysis in the time or frequency
domain can be addressed by introducing a packet that combines time information
with frequency data. Most time-frequency algorithms can be summarized as
follows

P(t,a))ziggexp[— i(0t + 70 + 05))$(0,7)f *(5 - 9 f(é + %)dedrdé, (2.7)

where

P (t, o) is the energy intensity;

t - is the current moment in time;

o is the frequency;

f—is the Lamb wave signal;

f* is the complex conjugate of f;

¢ (4 7) is the characteristic function depending on f (t).
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In practice, instead of direct time-frequency analysis, some variants of
equation (2.7) are more popular, such as the short-time Fourier transform, the
Winger-Ville distribution, and the wavelet transform.

In particular, the wavelet transform uses a wavelet with a portion of the
waveform that is limited in time. The average amplitude of such a portion of the
wave is zero. The time-dependent signal is mapped into a two-dimensional
representation with scale and time. The scale of such a representation can be
related to the frequency by defining the scale value at which the scalogram reaches
its maximum.

With the wavelet transform analysis, the dynamic wave signal can be
examined using a localized fragment to fully display the hidden characteristics. The
hidden characteristics include trends such as breakpoints or discontinuities and self-
similarity. Continuous wavelet transform and discrete wavelet transform are two
typical forms of wavelet transform. For Lamb wave signal, in general, continuous
wavelet transform is especially effective for analysis and visualization. On the other
hand, discrete wavelet transform is more useful for signal denoising, filtering,
compression and feature extraction.

The Lamb wave signal f (t) applied with the basic orthogonal function W (t),
obtained from the sensor can be transformed into a quadratic expression using the
scale of the dual parameters, a, and time, b

1 7 ~b
—ﬁLf ( jdt, (2.8)

where
W (a, b) is the continuous wavelet-transform coefficient;
Y *(t) is the complex conjugate of ¥ (t).
The non-stationary nature of the wave energy in the region is illustrated by the
relation

E= T T[\N(a,b)\zdadb, (2.9)

—ooa>0

where
|'P(a,b)|? can be considered as a scalogram.

Calculating the wavelet coefficients at each scale point is computationally
expensive. For simplicity, equation (2.8) can be performed in discrete scale and time
using binary variables m and n
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W'(m,n):agm’ZI f(t)‘P(aamt—nbo)dt, (2.10)

a=aj', b=naj'b,, mneZ, (2.11)

where
ao and bo are constants determining sampling intervals along the time and scale
axes.

The decomposition of the signal into separate bands of relatively higher and
lower frequencies can be accomplished using equation (2.10). Typically, the signal
components of different frequencies are separated into a fixed number of levels by
applying the discrete wavelet transform.

The simplest methods for localizing mechanical damage in composites employ
logical signal analysis. Time-of-flight, defined as the time delay from the moment a
sensor detects a signal reflected by a damage to the moment the same sensor
detects an incident signal, can be incorporated into a simple method for damage
triangulation. As a two-dimensional extension of this concept to composite
structures, a series of sensors were used to cover the region of interest, and the
transit times were extracted from the signals obtained from each possible actuator-
sensor path. For example, four piezoelectric sensors, each serving as both an
actuator and a sensor, were attached to the four corners of a reinforced composite
plate. The transit times Tii were extracted from the signals obtained from each
possible actuator-sensor path with noise cancellation

T = Lap , Los _ Las , (2.12)
VSO VSd VSO

where
Vs¢ and Vso are the velocities of damage-induced shear mode and incident
symmetric mode SO, respectively;
Lap, Los, Las are the distances between damage centre (x, y) and the ith sensor;
Index “1” represents the damage centre.

The representation of distances in Cartesian coordinates is

Lap =\/X*+Y°, LDS:\/(X_Xi)2+(y_yi)2' Las =X +yi,  (2.13)

where (xi, yi) represents the coordinates of the i-th transducer in the present
coordinate system.

The hybrid of the analytical model and its hardware implementation included
a nonlinear system that consisted of four sets of equations, with each piezoelectric
actuator (P, i = 1, ..., 4) acting in turn as an actuator based on its own reference
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frames, the mathematical solution of which led to the location of the damage (see
Fig. 2.1).
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Figure 2.1. Detection of delamination location: blue stars - diagnostic results; gray
circles - accompanying pseudo-results; left figure - diagnostics by 4 pathways; right
figure - diagnostics by 8 pathways.
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Figure 2.2. Damage identification using time-reversal approach. NP — correlation
notched plate; Pp — correlation perfect plate; RNP — ratio notched plate;
Dc - correlation.
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The wave packet transit time technique enables time-reversed imaging for wave-
based fault detection. The Lamb wave governing equations in an ideal (lossless,
time-independent) structure contain only second-order time derivatives. The set of
any waves that are generated by the source and subsequently scattered, reflected,
and refracted by the fault can be mapped to another set of waves. The second wave
packet can exactly replicate all paths and converge synchronously at the original
source, as if time were running backwards.

Due to the fact that the composite material is generally inhomogeneous, the
scattered Lamb waves measured by different actuator-sensor paths can be time-
reversed, which is realized by replacing the actuator and sensor and vice versa. In
this case, the Lamb wave should propagate from the sensor to the actuator. All
these time-reversed wave signals, each of which exhibits a time delay due to the
presence of the fault, will converge simultaneously at one point, namely the
scattering point (of the fault). The results of applying the equivalent time reversal
technique to localize mechanical damage in a composite plate are illustrated in Fig.
2.2.

The propagation of elastic waves in composite materials depends on the
particular arrangement and interaction of the constituent microparticles. Lamb
waves can be recorded in thin plates (with flat dimensions much greater than the
thickness and with a wavelength of the order of the thickness), which provide upper
and lower boundaries for the direction of continuous wave propagation. In a thin
isotropic and homogeneous plate, wave packets, regardless of the mode, can
generally be described in the form of a Cartesian tensor notation, namely

,Lluij + (/1 + ,U)Uij + 0 fi =,0l',l'i , (214)

where

ui is the displacement in the x; direction;

fiis the bodyforce in the xi direction;

p is the density;

L is the shear modulus of the composite plate;

A= (2.15)
1-2v

where
A is the Lame constant;
v is the Poisson ratio.
The displacement potential technique based on the Helmholtz equation is the
basis of potential analysis and can be used as an effective approach to decompose
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equation (2.14) into two independent parts under the plane strain condition for
governing longitudinal and transverse modes, accordingly

ve (2.16)

— 0, (2.17)

where
¢ =[A sin(pxg )+ A, cos(pxs )]- expli(kx, — wt)], (2.18)
w = [B,sin(px3)+ B, cos(px;)]- expli(kx, — wt)], (2.19)

As, Bs,s =1, 2, 3, 4 are the constants determined by the boundary conditions;
k is the wavenumber;
w is the circular frequency;
index ”L” stands for the longitudinal modes;
index ”T” stands for the transverse/shear modes.
Velocities of longitudinal and transverse/shear modes are

:\/p( E(l-v) :\/Zy(l—v) (2.20)

l+v)l-2v) \pd-2v)’

_| B K
or = 2p(1+v) \/;' (221

E denotes the Young’s modulus of the medium.

The plane deformation of the displacement in the direction of propagation of
the wave packet index "1" and the normal direction (index "3") is described by the
equations

6 =20, ov (2.22)
0% OX3
U, =0, u=20_ 9% (2.23)

- OX3 0%
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In this case, the following system of equations holds for the components of
mechanical stresses

5 2 2
a1 = U ( u3+%]—,u 0% v v (2.24)
0 1 8X3 8)(18)(3 aXl 8X3

OX,  OXg OX3

2 2 2
=2 —f+% +2u 9 f— oy | (2.25)
oX{ X3 Ox5  O%10X3

Three types of boundary conditions can be distinguished for a plate with free
upper and lower surfaces

u(x,t)=uy(x,t), (2.26)
ti :Uijnj, (227)
d
03120-33:0, XSZiE:ih’ (228)

where
d is the plate thickness;
h is the half thickness.

For brevity, it is noted that the standard symbols for Lamb wave applications
are “S” and “A”, which denote symmetric and antisymmetric modes. The subscript
indicates the mode order of the wave packet. S modes mainly have in-plane radial
displacement of particles. On the other hand, A modes mainly have out-of-plane
displacement. Therefore, the symmetric wave mode is often described as
"compressional”, showing bulging and compression of the thickness. Accordingly,
the antisymmetric mode is known as "bending", showing a bending of constant
thickness. It should be noted that higher-order antisymmetric modes have
increasingly complex thickness displacements. Under the same excitation
conditions, the magnitude of S modes (in-plane motion) is usually smaller than that
of A modes.

The analysis of Lamb wave propagation in a plate with free surfaces can be
extended to the condition of non-free surfaces, such as a plate immersed in a liquid,
which creates transverse constraints on the plate.
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For example, when a composite plate is immersed in water, the S modes will
be largely confined in the plate, since it is difficult for in-plane particles to cross the
plate-liquid interface. The net effect of such physical processes is that there is no
significant energy leakage from the plate to the surrounding water for the S modes.
However, some of the energy of the out-of-plane A mode will leak into the water.
This phenomenon is known as Lamb wave leakage in a plate with a surrounding
liquid.

Multilayer structures made of composite material are characterized by
anisotropic nature. This feature is the reason for the appearance of many unique
phenomena. Among such phenomena are: directional dependence of wave
velocity, differences in phase and group velocities, change in direction, shape and
deceleration of the wave, as well as many subtler features.

The propagation of Lamb waves within a plate composed of macroscopically
uniform layers involves not only scattering at the top and bottom surfaces, but also
reflection and refraction between the layers. Extending the governing equation to
an N-layer laminate, the displacement field u within each layer must satisfy the
Navier displacement equations for the nth layer,

122V (Un)+ (A + 12 )(V2U, + VU, )= pous. (2.29)

Besides the two fundamental Lamb modes, S and A are fundamental, i.e. those
that dominate the radial in-plane and out-of-plane (vertical) particle motion in the
plate, respectively.

In addition, there is another type of possible particle motion, namely in-plane
but in the direction perpendicular to the wave propagation direction. In this
direction, the wave packet propagates along the x; direction, while the particles
vibrate only in the x; direction and are confined to the x1 — x2 plane. This wave is
called the horizontal (SH) shear wave mode, in contrast to the out-of-plane (vertical)
antisymmetric motion (i.e., the A mode). The A mode of the Lamb wave is called the
vertical shear mode. SH waves can occur along free surfaces. Like Lamb waves, the
wave modes in the SH family are either symmetric or antisymmetric.

Three-dimensional finite element modeling as well as experimental studies
have demonstrated SH modes using models that allow particle motion in all
directions. From a definitional point of view, SH waves are governed by the
following coordinate equation

(Uz),, +(uz),, —cr?(uz); =0. (2.30)

The solution to Equation (2.30) has the form

U, (X, X,,t)= Aexp(—bxg ) - expli(kx, — wt)], (2.31)
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where
A is the constant;

2
b=k 1—(iJ . (2.32)

ker

As a characteristic mode, we can mention the propagation of the Lamb SH
wave in a medium that is covered with a layer of another material, as in polymer
composite laminates. A typical example of such propagation is the motion of Lamb
waves in a layer (p1, M1), which is associated with a half-space (p2, Y2) and can be
described by the equation

U, (%, X,t) =[Aexp(—byxg) + Bexp(—b,x3)]-expli(k x, —wt)],  (2.33)

where
5,705
@
b, =k|l1-| -2~ , 2.34
1 (k%] (2.34)
,705
@
b, =k|1-| — , 2.35
i [kCTz ] ( )
o, = |2, (2.36)
£1
o, = |22, (2.37)
P2

cr1 is the velocity of transverse mode in the fixed layer;
cr2 is the velocity of transverse mode in the half-space.

The propagation of Lamb waves can be characterised by the phase (cp) and
group (cg) velocities.

The speed at which the general shape of the wave amplitudes (known as the
modulation or envelope of the wave) propagates through space can be thought of
as the group velocity. The group velocity (the rate at which the wave energy is
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transferred) is the speed that is measured in most experiments. The group velocity
depends on the frequency and the thickness of the plate.

A typical technique for determining mechanical damage in laminated
composites using Lajmba wave packets includes the governing equation

_1 _1
dc

cy(fd)=do|d| 2 || =do do OCp | _
Cp Cp C%

2 de, 1", de, T
=cylc,—o——| =cylc, —(fd) ) (2.38)

dw

where f= (2n)w is the central frequency of the wave.
For the SH mode of a Lamb wave, the phase and group velocities are defined
as follows

c,(fd)=2c fd , (2.39)
Ja(f d)? —nc?
ne; )

cy(fd)=cy 1—(2de} , (2.40)

where
n € [0, 2, 4, ...] for symmetric SH modes;
ne[l,3,5,..] for antisymmetric SH modes.

Lamb waves move with the same speed in all directions when propagating in
isotropic plates. The Lamb wave front forms a locus of points equivalent to a circle.
For non-isotropic materials, in particular for fiber-reinforced composites, the wave
speed depends on the direction of propagation. This fact is the reason why the
shape of the wave front differs significantly from a circle and is described by the
equation of a generalized ellipse with a fixed slope to the axes of the reference
system.

The theoretical (phase velocity) and experimental (group velocity) values for
the SO and A0 modes in carbon fiber reinforced epoxy composite laminates for the
case where two Lamb wave modes travel with different velocities in different
directions (d1) and frequencies (fi = 1MHz, f, = 0.8 MHz) are illustrated in Fig. 2.3 -
2.6.
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Figure 2.3. Phase velocities of SO modes in CF/FP composite laminates (for fi):

A —[0]s, B—[0/90]2s, C— [£45/0/90]s, D — [0/90]as, E — [£45/0/90]s.
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Figure 2.4. Phase velocities of AO modes in CF/FP composite laminates (for fi):

A —[0]s, B—[0/90]2s, C—[+45/0/90]s, D — [0/90]as, E — [£45/0/90]2s.
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Figure 2.5. Group velocities of SO modes in CF/FP composite laminates (for f2):
A —[0]s, B—[0/90]2s, C—[£45/0/90]s, D — [0/90]as, E — [£45/0/90]2s.
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Figure 2.6. Group velocities of AO modes in CF/FP composite laminates (for f3):
A —[0]s, B—[0/90]2s, C— [£45/0/90]s, D — [0/901as, E — [£45/0/90]2s.
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The difference in the directions of Lamb wave propagation is described by the
retardation profile, which is a function of the reciprocal of the direction-dependent
propagation velocity, 1/cg(9) (where & is the direction of wave propagation relative
to 0°).

The lowest order modes (SO, AO and SHO) behave quite differently in different
directions of propagation relative to the 0° fiber, but they all become almost
directionally independent in a laminate of quasi-isotropic configuration (e.g.,
[+45/0/90]s). This mechanism is very important for the study of Lamb waves in
composite structures.

Detection of matrix cracking in samples with different crack density, as well as
evaluation of the elastic modulus decay of cracked samples and comparison with
those obtained during ultrasonic Lamb wave propagation testing, is usually carried
out by analyzing composite samples in tension. This variational model based on
mechanical stress testing is the most developed model for predicting matrix crack
density. The lower limit of the elastic modulus E. of a damaged laminate is
determined in this model as follows:

is%+ik§n(z)ﬂ, (2.41)
E. E. E; <85>
where

31% +1221 +8
n(4)= v (2.42)

0> t
k,==2, A=-=L, (2.43)

o) t,

t1 and t; are the half of the thickness of 0° and 90° layers, respectively;
o2 is stress in 90° layers;
oo is the total stress in laminate.

The numerical values of k; (relative stiffness of 90° layers) as well as E? (initial
stiffness of the laminate) are determined using the classical lamination analysis of
an intact composite laminate taking into account the longitudinal and transverse
elastic moduli of the composite layers. This analysis is carried out on the basis of
the following system of definitions

5=, (2.44)
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~ 2 q2) | cosh(2ap)—cos(2fp)
;((5)—20!,8(0( vp ){asin(Zﬂp)+ﬂSinh(2ap) ’ (2.45)

a=qt* cos(gj, (2.46)

B= ql“‘sin(g) (2.47)

tan @ = /4—2 -1, (2.48)
P
where

a is the half of the distance between two adjacent cracks;
p and g are the factors that depend exclusively on the layup and mechanical
properties of the composite laminate.

A semi-analytical model is often used to obtain the stresses required to induce
matrix cracking with different crack densities in specimens. Such a model for
describing progressive matrix cracking in composites typically follows a specific
scenario for cracking initiation and assumes a regular pattern of cracks created in
90° layers. According to this method, it is assumed that the initial cracks occur in
the center of the specimen, then two subsequent cracks occur at both ends of the
specimen and subsequently any new cracks occur between the two previous cracks
in the bulk of the composite structure. In the case of controlled crack initiation, the
crack density is related to the applied stress in the 90° layer based on the following

equation
2 o
(%} =Cm(—°— 1} (2.49)
Oin

where

pc is the crack density;

oin is the in-situ strength of 900 layers;

oo is the stress in 90° layers of the multi-layered composite specimen;

Cin is the material-independed factor that is evaluated by fitting the theoretical
master curve to the tensile test data;

K is the shear lag parameter which is given for the cross-ply composite specimen as

K = 3(d +b)E,G1,Gps ’ (2.50)
dbE,E, (bG,3 +d;,)



46

where

b and d are the thickness of 00 and 900 layers of the laminate, respectively;

E. is the elastic modulus of composite laminate;

E1 and E; are the longitudinal and transverse elastic modulus of each composite ply,
respectively;

G12 and Gz are the in-ply and out of plane shear modulus, respectively.

The propagation of Lamb waves in composite structures with anisotropic
properties is accompanied by such nonlinear phenomena as the difference in group
and phase velocities, as well as the direction-dependent velocity. The wave motion
in an N-layer laminated composite is governed by the Navier displacement equation
by applying appropriate boundary conditions in each layer.

The sum of the gradient of the scalar potential of the compression wave (¢)
and the curl of the vector potential of the shear wave (), for example, u=V@ +V x v,
can be interpreted as a displacement vector. The problem of wave packet
propagation can, under certain restrictions, be reduced to a two-dimensional
version. In this case, the correct set of such ' = (0, 0, i) potentials that satisfies the
boundary conditions of a plate medium and thus governs the propagation of a Lamb
wave can be expressed as

o ={ag explin(x, — X, )]+ a, explin(x +x; )]}, (2.51)

wr = {oyexplin(x, — X, )]+ by explin(x + %, )]}, (2.52)

where
a1, a2 are the compression wave characteristics;
b1, b, are the shear wave amplitudes.

For constants 1 and 3 we get

n? =ki —kZ, (2.53)
B =ki —KS, (2.54)

where

ki is the lamb wavenumber;

ks is the shear wavenumber;

k. is the compression wavenumder.

The dispersion dependence for k has the form

k(@)= ——2 (2.55)

Julp’
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kc(a)):ﬁ.
P

For the case of linear viscoelastic composites, it is more convenient to use
complex values of the corresponding characteristics. The propagation of Lamb wave
packets in viscoelastic materials is described by a complex version of the equation
for antisymmetric modes

(2.56)

tanh (A h 4kEH/
an (2k2 - K2
For shear and compression velocities we get
&) 1-2
b I el (2.58)
C. 2—-2v

In turn, the displacement on the plate surface (x2 = h) in a viscoelastic
composite material is equal to

0, (i ,% ) = 7, cosh(i3h) — ik, B, cosh(3h |- exp(ik, x, ), (2.59)
where for the complex Lamb wavenumber we get
ki (@)= a(w)-ip(), (2.60)
and
n? =k —kZ. (2.61)

The displacement component u; at two locations along propagation direction
x1 with a distance L from each other is

A (w2
0,(62.0)
———y =exp[B@)L]. (2.62)
U, Xy, @ ‘

where || || denotes the absolute value of a complex number. On the other hand,

the real part of the Lamb wavenumber, is



a(a)):g. (2.63)

where the Lamb wave phase velocity (c)) is obtained from the experiments.
The complex shear modulus is defined as

A

G(w)=G'(w)+iG"(w), (2.64)

where
G'(m) is the storage shear modulus;
G"(w) is the loss shear modulus.
Complex shear modulus satisfies the expression

2
(o)=L (2.65)
kS

Dispersion dependencies for G’, G"” and n have the form

G'(w)= pow® 1 , (2.66)
" o) o)
17 2 as(w)'ﬂs(a))

G"(w)=2pw =, (2.67)
" o)~ p)

n = tan S = 20[5 (0)) IBS (a)) (2.68)

ai(w)- pi(o)

The formation of matrix cracks in polymer matrix composite laminates
depends on various factors such as layup, cross-sectional strength of composites,
impact strength and rigidity of the polymer matrix, strength, rigidity of fibers, etc.
The experimental study of the mechanical damage field in the volume of the
composite material must necessarily be accompanied by an assessment of the crack
density in the composite samples. Such an assessment is necessary due to the fact
that the base of some cracks was not fully opened, and some cracks did not grow in
a straight line. To avoid any uncertainties, cracks crossing the entire area of 90°
layers were counted at a fixed distance approximately in the middle of the sample
volume.
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Figure 2.7 illustrates the average induced crack densities pc (mm™) in the test
set of specimens for different applied stress levels 6, (MPa), predicted by the elastic
model and also obtained from tensile tests.

0,05 ‘

0 20 40 60 80
6, MPa

Figure 2.7. Dependence of crack density on stress level in 90° layers.

Lamb wave multipath scattering is effectively used for mechanical damage
monitoring in laminar composites. In Lamb wave-based structural health
monitoring, it is common to pre-record baseline signals when the structure is free
of damage. On this basis, the residual field U™, which subtracts these baseline
signals from the measured signals, isolates the effects of the unknown damage
introduced between the two measurements. In the single scattering approximation,
the residual field only takes into account the direct scattering path of the damage.
Therefore, the following relation holds

),  (2.69)

U™ (@;5,1)= F(0)Go(@;|u — s|)w(6;6.,6,)Go (a5 —u

Go(w;d)=M (2.70)

i 4
d,
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where

F(w) is the frequency domain excitation;
v (®; 01, 0,) is the part of scaterring pattern;
s = [sx,sy]" is the location of transmitter;
r =[rry]" is the location of receiver;

u = [ux,uy]" is the location of damage;

01 is the incoming angle;

0, is the outcoming angle;

d is the actual propagation distance;

d: is the reference distance;

k = ®w/cp is the wavenumber;

Cp is the phase velocity.

Obstacles that can scatter Lamb waves are associated not only with sources of
unknown damage, but also with previously known features in the structure, such as
edges, stiffeners, lap joints, and rivets. The residual signal may also include waves
that are scattered multiple times between these known scatterers and the target
(i.e., the damage).

The residual signal may also include waves that are scattered multiple times
between these known scatterers and the target (i.e., the damage). This scattering
is considered under the assumption that there are no waves that interact with
obstacles more than once. In particular, if we consider waves doubly scattered from
both a single scatterer and the damage, the residual field satisfies,

U™(w;s,r)=U%(w;s,r)+U%(w;s,r), (2.71)

where

(35.1)= X [F (@)ool — 3 )Go ey —vi)Go or]r —u )]

xy(@;6,,0, )1 (@, 0,05 )+
+ ZlF (@)Go (e;u —s[)Gq (a); ij - UH)EO(a);Hr —v! H)Jx

xy(@,0,.0, )1 (0,016}, ), (2.72)

vi, V2 are the coordinates of the scatterers;
l1, U2 are the coefficients of scattering patterns.
The residential field may be modified as
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U™ [wr,s]=U%[w,r,s]+U%[wr,s]+U%[wr,s], (2.73)

where

i ]

u® [a),r,s]:ZZ[F(a))GO (a);Hvi — SHGOHU -y HGOHVi —u HGOHr —v! Hx
J
X[y (@;6,05) 1 (0,61, 6,5) 11 (0,01, 0;,) +

i ]

+> D [F(@)Gy (e Hvi —s H)G0 (a);HVj —v! H)G0 (a);Hu —vy! H)GO (@;]r — uf) x
j

[y (@61, 0,) i (@; 6,1, 6,5) i (0,651, 6,5) +

+D > [F(0)Gy(w;Ju—s H)Go(a);ij ~u H)G0 (a);ij —v! H)Go(a); Hr —v! H) x

i#] ]
[ (@, 60y, 0;) i (@0, 057) i (0,011, 6;2) (2.74)

In equation (2.74), the theoretical analysis technique used allows us to neglect
waves interacting with a single scatterer more than once. Statistical analysis has
shown that multipath scattering produces more types of damage than can be
obtained with forward scattering. Better resolution imaging can be achieved by
extending the imaging technique to handle these multipath scattering signals.

The entire set of known singularities in composite structures can be classified
as linear reflectors (e.g. ribs and stiffeners) and point scatterers (e.g. rivets)
according to their dimensions. An additional improvement of the above technique
is related to the inclusion of multipath scattering characteristics between linear
reflectors and damage in the analysis area.

Fermat's principle can be applied to the propagation of acoustic rays. This
principle leads to the presence of six possible propagation paths, since the
transmitter s = [sx,5,]" and the receiver r = [ry,ry]" are present near two adjacent
edges of the structure (i.e. the damage is located at u = [ux,uy]").

A large number of experimental studies on Lamb wave propagation in the
volume of anisotropic laminated composites indicate that each linear reflector can
be considered as a mirror, creating a virtual transmitter or receiver in a symmetrical
position. The location of this virtual transmitter or receiver is determined by the
position of the actual and mirror, and is independent of the location of the damage.

The physical effects associated with the presence of multiple scattering paths
can be described under the simplifying assumption of the shape of their trajectory
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as direct scattering paths from virtual/actual transmitters to the damage and back
to actual/virtual receivers. All these factors allow us to conclude that taking into
account multiple scattering paths is equivalent to increasing the reading paths of
the sensor network. In this case for the value of U% we get

U (@3,)= 3 F (@)1 (6,,0;)Go @i |u = 'y (@;61,6,)Go (@] —ul) +

+ 3 F(@)Go(@;u — 1y (@:6,,0,) 1 (;6,1,012)Go (@5 —u)l, (2.75)
]

where

s1=[-Sx Sy]T;

$2= 5%, -sy]";

ri=[-ry r]";

ra = [rx -ry]" are the coordinates of the virtual transmitters and receivers.
At the second stage the value Uts can be modified as follows

US(a;s,r)= ZF(a))GO(a);Hu =5 (@3010,800 (361, 0, o i T —ul <

<leoler]r! ~ulu; (@:0,0.01,)] (2.76)

The presence of multipath scattering associated with one transmitter-receiver
pair allows to extend the sensor network consisting of real sensor elements with
virtual ones. It should be noted that in this case with such a matrix of sensors,
conventional elliptic methods cannot be directly used for damage visualization.

A necessary condition for the application of elliptic methods is that the
probability of damage occurrence at any point (x, y) can be expressed as a linear
summation of the probability density functions calculated for each possible
transmitter-receiver pair.

In the presence of such effects, the complexity of the application of the
considered technique arises. Despite the fact that the residual signal consists of
several wave packets due to multipath scattering, the wave packet associated with
the virtual pair of sensors cannot be identified, since the location of the damage site
is actually unknown. Thus, the probability density function associated with the
virtual pair of sensors cannot be obtained.

However, the wave packet for each possible pair of sensors (either real or
virtual) can be included in the residual signal. As a rule, the residual signal is a
consequence of the effects of an unknown damage introduced between the two
measurements. Different wave packets can correspond to the same damage (but
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with different scattering paths). Taking advantage of this, a modified elliptic method
is established for damage visualization.

Multipath scattering of Lamb waves is characterized by a strong influence of
the set of scattering patterns pi(w; 81, 82) and p; (w; 81, 82) on the amplitude of the
wave packet. To suppress their effects, a Gaussian distribution function f(z;) is
introduced, which is a function of the time of flight of the wave packet, but not of
the amplitude or envelope

where

o is the standart variance;

Vo is the group velocity at the central particulary effective to produce a resulting
image by considering information from al input images;

1/1

Sl(ux,uy): Hf(zij) , (2.79)
i

where
| is the number of wave packets.



54

CHAPTER 3

LAMB WAVE PROPAGATION

Non-destructive testing, as well as structural health monitoring, determine the
integrity and degradation of composite structures to ensure their operability. The
working object of active diagnostics is the ultrasonic transient wave. In order to
detect damage, localize and subsequently evaluate damage, understanding the
wave propagation characteristics of composites is essential for the successful
application of diagnostic methods.

The effects of wave propagation in composites are complex due to the nature
of the component heterogeneity, inherent material anisotropy and multilayer
construction. These features are the reason why the wave mode velocity is
macroscopically dependent on the laminate layup, the direction of wave
propagation, frequency and interface conditions.

The propagation of elastic waves in isotropic plate structures is characterized
by repeated reflections on the upper and lower surfaces alternately. As a result, the
propagation of waves from their mutual interference is guided by the surfaces of
the plates. The guided wave can be modeled by imposing surface boundary
conditions on the equations of motion.

The effects of wave propagation in composite structures are accompanied by
the phenomenon of dispersion, i.e. the propagation velocity of a guided wave along
the plate is a function of frequency or, equivalently, wavelength. In particular,
guided waves propagating along the plane of an elastic plate with tension-free
boundaries are called Lamb waves. Since guided waves remain confined within the
structure, they can propagate over large distances, allowing a large area to be
surveyed with only a limited number of sensors.

This property makes them well suited for continuous monitoring techniques
for ultrasonic testing of entire structures and their elements, which are used in
various industrial fields. In isotropic plates, guided waves can be classified into three
types according to their polarization (direction of the displacement vector).

Lamb waves polarized in the plane perpendicular to the plate, in the x-z plane,
are called symmetric (or longitudinal, S) waves and antisymmetric (or flexural, A)
waves, while those polarized in the plane of the plate (along the y-axis) are called
shear horizontal (SH) waves. SH waves can also be either symmetric or
antisymmetric about the midplane.

S and A waves are controlled by plane strain state (displacements u and w);
while SH waves are controlled by antiplane strain (displacement v only).
Conventionally, Sn, and A, with index n = 0, 1, 2, 3... represent symmetric and
antisymmetric Lamb wave modes, respectively; SHn with even and odd index n
denote symmetric and antisymmetric SH waves, respectively.

Wave interactions of waves propagating in multilayer composites depend on
the properties of the components, geometry, direction of propagation, frequency,
and conditions at the interface. For the case when the wavelengths are significantly
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larger than the dimensions of the composite components (fiber diameters and
spacing), each plate can be considered as a sample made of an equivalent
homogeneous orthotropic or transversely isotropic material. Such a material is
characterized by an axis of symmetry parallel to the fibers.

Scattering of tensile waves was recorded in experimental studies under
conditions when the wavelength had the same order of magnitude as the fiber
diameter. It should be noted that for flexural waves, scattering appeared when the
wavelength was more than an order of magnitude greater than the fiber diameter.

Composite laminates consist of macroscopically homogeneous layers. In this
case, wave interactions include not only reflection at the surfaces, but also
reflection and refraction between the layers, manifested in the form of resultant
waves. These interfering wave packets propagate along the plane of the plate.

The process of Lamb wave propagation in the composite is characterized by
the following features. The velocity of the wave packet depends on the direction of
its propagation. In addition, a consequence of elastic anisotropy is the loss of pure
wave modes. The dependence of the wave velocity on the direction of propagation
implies that the direction of the group velocity in general does not coincide with the
wave vector (or wave normal).

The distinction between the wave mode types in composites is rather
arbitrary. The reason for this is that the three wave mode types are usually related.
Engineering practice usually uses symmetric laminates when designing composite
structures. Lamb waves in symmetric laminates can be divided into symmetric and
antisymmetric modes. For the symmetric modes, one type is designated as quasi-
extended. In this case, the dominant component of this symmetric mode of the
polarization vector is located along the direction of propagation. The second type
of symmetric mode is quasi-horizontal shear. For quasi-horizontal shear, the
polarization vector is mainly parallel to the plane of the plate.

In exactly the same way, quasi-flexural and quasi-horizontal shears are
generated for antisymmetric types of wave modes. In theoretical analysis, two
approaches can be distinguished for the study of Lamb waves in composites. The
first method is associated with exact solutions according to the three-dimensional
theory of elasticity. The second method is characterized by the inclusion of
approximate solutions according to theories of plates.

The dispersion relations of Lamb waves in a composite plate can be obtained
by analyzing the mechanical elasticity in three dimensions. Further extension of the
transfer matrix methodology in different types of composites was used to obtain
the dispersion curves.

The exact solutions of Lamb wave dispersion in composite shells are compared
with the results of the Flugge shell theory. It should be noted that the scope of
applicability of this methodology is limited only to the case of dispersion relations
of phase, but not group velocity.
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Calculation of dispersion characteristics of multilayer composites is quite
complex due to the presence of transcendental equations. In addition, such
calculations should take into account the transient wave response of composites.

Lamb wave packets that propagate in composites along an arbitrary direction
generally cause a perturbation in the mechanical strain field. Such a change in the
field characteristics involves three components of displacement, i.e., a generalized
plane strain arising from the anisotropy of the material.

The displacement of plane harmonic waves can be described in general using
3-D elasticity. The initial stage of the analysis investigates the characteristics of
Lamb waves in a single plate (monoclinic plate). In this case, a compact closed
dispersion relation can be obtained by separating symmetric and antisymmetric
modes using trigonometric functions through the plate thickness.

Special cases are when the waves propagate along the symmetry axis of the
material in such a way that mutual separation of S- and A waves as well as SH waves
is considered. The final stage of the analysis generates a modified exponential form
in the thickness direction to derive the dispersion relation for the composite
laminate with special emphasis on symmetric laminates.

The propagation of wave packets is considered in a Cartesian coordinate
system with the z-axis perpendicular to the midplane of the composite laminate
spanned by the x- and y-axes. The two outer surfaces of the laminate are defined
by the coordinates z = + h/2.

An arbitrary direction 0 of the Lamb wave packet is defined counterclockwise
with respect to the x-axis. In this case, a fixed layer of the composite laminate with
an arbitrary orientation in the global coordinate system (x, y, z) is considered as a
monoclinic material having x—y as a plane of symmetry. This fact causes the stress—
strain relationships to take the following matrix form:

Ox Ch Cp Cy O 0 Cip| | &«
Oy Cy Cyp Cyp O 0 Cy||éy
o, |_|Ca Coz Cez 0 0 Cg| |5 . (3.1)
: 0 0 0 Cu Cu 0|7y
0 0 0 Cgy Ci 0| |7e

Tyy Cop Cgp Cgz O 0 Cee] [7x

The case where the global coordinate system (x, y, z) does not coincide with
the main coordinate system of the material (x’, y/, z) of each layer, but forms an
angle ¢ with the x-axis is considered separately (Fig. 3.1). For such conditions, the
stiffness matrix C; (i, j = 1, 2, 3, 6) in the system (x, y, z) can be obtained from the
plate stiffness matrix Coj in the system (xo, Yo, z) using the transformation matrix
method. The composite material specimen is orthotropic or transversely isotropic
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with respect to the main axes of the material in (xo, Yo, ). The plate stiffness matrix
Coij can be calculated from the plate material properties Ex, v and Gu (k, /=1, 2, 3).

Figure 3.1. Lamb waves propagating in a composite laminate.

The relationships between deformations and displacements are as follows
Ex =Uy, €y =Vy, &, =W, 7y, =U; +W,,
Yxe =Uz +Wy, 7y =Uy +0y, (3.2)

where
u is the displacement in the x direction;
vis the displacement in the y direction;
w is the displacement in the z direction.
For the case of absence of external forces, the equations of motion can be
expressed using the following relationships

Ow +t Txy.y + Txz,z = PU, (3.3)

Xy,y

Tyx TOyw + Ty, =p0, (3.4)
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Tyex Tlyy T Oz =pW, (3.5)

where
p is the density of fixed lamina.

The boundary conditions on the upper and lower surfaces can be written using
the following equations

c,=7,=17,=0, z==% (3.6)

yz

N | o

Lamb wave packets propagate along the plane of a plate with boundaries free
of additional mechanical stresses. On the other hand, Lamb waves are standing
waves in the z-direction of the plate. Therefore, the wave motion can be expressed
by a superposition of plane harmonic waves. Each plane harmonic wave
propagating in the direction of the wave normal k can be described by the relation

u,o,wh=U @)V (2)W(2)lexplilkex + k,y)- ot]} (3.7)

where k = [kx, ky]".
Magnitude of k is

K= [k2 + k2 =Cﬁ, (3.8)

k=2", (3.9)

where
A is the wavelength;
o is the angular frequency;
Cp is the phase velocity.
Mechanical stresses in each layer are

oy =[CukyU + Cpok, —iCW’ + Cyglk,U +kV )] x
xexp{i [(kxx+kyy)—wt]} ) (3.10)

oy = [CiakyU +Cpoky —iC,W" + Cyg (kU + KV )| x
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<explil(k,x+k,y)- ot , (3.11)
o, = [CarkyU + Cypky —iC3W' + Cey (kU + KV )| x
<explif(k,x+k,y)- ot (3.12)
7y = [CaalV/ +ik W )+ Chs (U + ik, W )] x
<explif(k,x+k,y)- ot (3.13)
70 =[Cas V' + ik W )+ Cog (U +ikW)] x
<explif(k,x+k,y)-ot], (3.14)
Ty = |Co1kyU + ook V —iCeaW' + Ces (kU + kV )] x

xexp{i [(kxx+kyy)—a)t]} , (3.15)

The equations for mechanical displacements for an off-axis composite plate
allow separation into symmetric (index “s”) and antisymmetric (index “a”) wave
modes. This separation leads to a particularly simple form of the asymptotic
representation

U,=Acoséz, V,=B,cos&z, W, =C,sinéz, (3.16)
U,=A,coséz, V,=B,coséz, W,=C,sinéz, (3.17)

where & is the fixed variable.

The method of analyzing the resulting system of equations for mechanical
displacements and stresses can be divided into two successive stages. In the first
approximation, only symmetrical modes of Lamb waves are subjected to theoretical
analysis during their group motion along the aisotropic medium, which constitutes
the volume of the laminated composite. In addition, a set of compact dispersion
relations is analyzed separately for both symmetric and antisymmetric Lamb wave
modes. This analysis is performed using metric functions for the corresponding
wavelet transform for all points in the laminated composite volume. Symmetrical
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modes are considered first. At the second stage, the entire sequence of solutions of
this system is transformed into a matrix form

2
I — pow I, I3 A
Iy Ty — po® I3 By =0, (3.18)
2
I3 I3, I35 — pw Cs

Matrix elements can be expressed by the following expressions

— 2 2 2
I, =CeiKy +(Cpy + Ceg Jkyky + Coky +Cys&?, (3.20)
I3 = _i[(C31 +Coss )kx + (C63 +Cys )ky]f , (3.21)
Iy = _i[(css +Cys )kx +(C23 +Cy )kyk ’ (3.23)

A similar technique is consistently applied to the antisymmetric mode. As a
result, the resulting matrix becomes equal to (I — p®?l), where | is the identity
matrix. For the case when the Hermitian matrix I is positive definite, it can be shown
that the eigenvalues of the symmetric and antisymmetric modes coincide.

The non-trivial solutions As, Bs and Cs participate in the zeroing of the
determinant of the characteristic matrix (I — p®?l), which yields the following sixth-
order polynomial in

§6 +051§4 + a2§2 + a3 =0, (3.25)

where o, are real-valued coefficients of Cj, k, and po?.

Analysis of the system of characteristic equations showed that there are three
solutions. The properties of these solutions include their positivity, nonzero
difference, and discreteness. As is a rule, such solutions are related to indices n;j (j =
1, 2, 3). For each index nj in the symmetric modes of the wave packets Bs and C;,
which are related to the symmetric modes of Lamb waves in composite structures,
the following relationships can be written in terms of As
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B, = (rll - po’ )rzs —Tolh3

I3 (Fzz — pw® ) —Iplh3

A, =RA,, (3.26)

C, = I = i = po? s _pwz)As —iSA,. (3.27)
I3 (F 2 = PO 2) — Il

As a result, the modified equations for mechanical shears and stresses will
have the form

3
(GZ’TVZ’TXZL:h/z :Z[Hlj sin(gjz +go), Hy; cos(éjz+go)+
j=1

+ ng COS(ij+¢)]Aj :0, (328)

where ¢ = 0 and 1/2 represent anti-symmetric and symmetric Lamb wave modes,
and

&h
H11(H22H33—H23H32)ta”(—;_ +o |+
Hyo(HpgHay — HyH e2h
+Hypp(HygHg — HyHgs )Jtan 5 to |t

h

The numerical calculation methodology for Lamb wave propagation in
composite structures assumes that the interfaces between layers are ideally
coupled. For each layer, the displacement components in the corresponding z-axis
equation must be modified into exponential forms to account for the
inhomogeneity of the multilayer laminate.

U=Aexp(ifz), V=Bexp(ifz), W=-iCexp(ifz). (3.30)

The general solution in each lamina is

UV W=expi [(kx +k,y)- ot]) > A LR Jepligz).  (3.31)
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Symmetrical and asymmetrical wave modes in conventional laminates cannot
be separated. It should be noted that symmetrical laminates are used in engineering
practice when designing composite structures. A reliable method for separating the
two types of wave modes is to generate boundary conditions on both the upper and
middle planes of the surface. For the upper boundary of the laminate, the boundary
conditions can be written as follows

{(72’2-yz’z'xz}<22h/2 =0, (3.32)

The symmetry conditions for the entire laminate allow only half of the entire
sample to be analyzed. In a subsequent step, the following conditions are imposed
on the stress and displacement components in the midplane for symmetric modes

uv,0,§ _,=0, (3.33)

The implicit functional form G (o, k) = 0, or G (®, k, 0) = 0 can be used to
formulate the dispersion relation between ® and k. This dispersion relation can be
explicitly solved in the form of real roots @ = W (k), or ® = W (k, 0).

The number of possible solutions with different functions W tends to infinity.
Such solutions correspond to different wave modes. The phase velocity vector for
plane modes is defined as ¢, = (w/k)-(k/| k|)=(w/k?)k. Therefore, its magnitude is ¢p
= w/k. The set of all statistical samples k from the origin for ¢, at a given frequency
forms the so-called velocity curve. The radius vectors of the velocity curves in the
direction of a given k represent the admissible dispersion of the phase velocity of
the different wave modes.

A set of points in phase space or a slowness curve can be defined by fixing the
slowness vector s = k/m. The characteristics of the set of phase points can be simply
formed from the velocity curve by geometric inversion, i.e. by mapping through the
inverse radius.

The directions of the slowness and phase velocity vectors coincide. Thus, the
inverse phase velocities can be measured from the origin to the slowness curves.
The distance traveled per unit time is defined as the phase velocity. On the other
hand, time as slowness is numerically equal to the time required to travel a unit
distance. For volume (non-dispersive) waves, it is convenient to use the slowness
curve. The reason for this is the fact that this curve does not depend on x.

In isotropic materials, the phase velocity depends only on the magnitude of
the wave vector k. The phase velocity of anisotropic materials depends on the wave
vector k, its magnitude, and the direction in which the wave propagates. For
experimentally measured wave packets, the phase velocities are measured by
tracking the wave peaks.
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The numerical value for the group velocity can be determined by tracking the
wave packet envelopes, namely ¢g = gradkW = 0W/ok. Provided that the closed form
of the implicit function G has been previously determined, the group velocity can

also be calculated as
oG\ (aG\ !
{2} (2] 330
ok ow

The gradient W (gradc W) in the polar coordinate system has a radial
component 0W/ok in the direction k and an angular component O0W/kd6,
perpendicular to k. After the coordinate transformation, the group velocity in the
Cartesian coordinate system is equal to

oW
c cosd -—sind
=l ok | (3.35)
Coy| |siNG cos@ || W

koo

where indexes “x” and “y” represent the components in x- and y-axes, respectively.
The magnitude and direction of group velocity represents this system of

equations

C
—tan -2 (3.36)
Cox

.2 2
Cg =+/Cax + Cgy Qg

The skew angle O or steering angleis defined as

0=0,-0'. (3.37)

It makes sense to introduce the concept of a wave curve (or wave front curve)
as the geometric locus of the group (radial) velocity vectors along all choices c; from
the origin at a given frequency. The radius vector connecting the origin (or source
point) with a point on the wave curve is numerically equal to the distance traveled
by the elastic disturbance per unit time.

In other words, the geometric concept of a wave curve essentially comes down
to the concept of a geometric locus of points (or wave front) recorded per unit time
by a disturbance emitted by a point source acting through the origin at time t = 0.
Wave curves are of great importance in detecting mechanical damage.

The dispersion relation written for each Lamb wave mode can be expressed as
an explicit function of W(k; 0). This function is associated with a conical surface in a
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three-dimensional domain. In addition, the deceleration curve W (k; 0) = o is
geometrically a level surface of W (k; 0). Differentiating both sides of the equation
with respect to 0, the following relation can be obtained

aﬂ$+aﬂ=0, (3.38)
ok dg 06

As an example of the use of numerical and symbolic methods for recording
mechanical damage in a composite material, we can consider the results of the
Lamb wave propagation analysis in graphite/epoxy resin AS4/3502. Two laminates
are used in the tests: L1 ([+456/456]s) and L2 ([+45/45/0/90]s). The numerical results
consist of dispersion curves (phase and group velocities) and three characteristic
wave curves in two different types of laminates. The characteristic dispersion curves
are illustrated in Figs. 3.2 - 3.5. The dimensionless frequency fs = wh/cr and the
dimensionless velocity v41 = ¢p/cT and v42 = cg/cr are used to normalize the physical
frequency and velocity, respectively. In addition, cr is defined as (G12/p)°” is the
velocity of the transverse (in-plane shear) wave in the plate.
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Figure 3.2. Dispersion curves Ld1 = Va1 (fa) of Lamb waves along 0 = 45° (symmetric
modes).
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Figure 3.3. Dispersion curves L4z = Lg> (fa) of Lamb waves along 0 = 45° (symmetric
modes).
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Figure 3.4. Dispersion curves vg1 = a1 (fa) of Lamb waves along 6 = 45° (anti-
symmetric modes).
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Figure 3.5. Dispersion curves vg = L4z (fa) of Lamb waves along 6 = 45° (anti-
symmetric modes).

The group velocity of the SHO and SO modes has pronounced dispersion
characteristics. However, even greater dispersion is observed for symmetric modes
in the quasi-isotropic laminate [+45/45/0/90]s . In contrast, the dispersion of the A0
mode in both laminates is weaker beyond wh/cr = 1. This feature is effectively used
for structural monitoring of laminar composites.

Characteristic wave curves, including velocity, as well as slow Lamb wave
curves, propagate in composites at a given frequency. Most of these curves are
centrosymmetric about the origin. This feature is a consequence of the fact that the
fiber orientation of each individual plate is invariant when h is replaced by h + p (p
= const). Moreover, all characteristic wave curves change with frequency due to the
dispersion nature.

Characteristic wave curves can be constructed at wh/cr = 4 with two symmetric
modes (SO and SHO) and three antisymmetric modes (AO, SH1 and Al). The
wavelengths of these modes at a fixed h = 30 are much larger than the fiber
diameters and the distance between the fibers. The set of characteristic wave
curves considered can vary significantly for different frequencies due to its
dispersive nature.

Such a phenomenon as energy focusing is observed for volume waves in
anisotropic solids. It should also be noted that energy focusing is also observed for
SH wave modes. The deceleration curves have many inflection points. This implies
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that the same direction of the group velocity can correspond to several directions
of wave propagation. The specific directions are determined by the features of the
wave front of the Lamb wave packet.

The characteristic frequency of wave packet propagation in thin quasi-
isotropic laminated composite is lower than the cutoff frequencies of A1 and S1
modes. Therefore, only fundamental modes (AO, SO and SHO) exist in thin laminate.
The angular dependence of Lamb waves in the laminate [+45/45/0/90] becomes
weaker due to quasi-isotropic stacking.

Numerical analysis revealed that the AO mode has a maximum along 45°
directions, since the bending of the dominant outer plate is oriented in these
directions. The wave curve for each layer of the composite material has no
inflection. This fact is a consequence of the quasi-isotropic stacking, not the
dispersion characteristics.

Since the velocity curves are approximately independent of the wave
propagation direction, the average wavelengths can be estimated using solutions
of the characteristic equations. These wavelengths are found to be comparable to
the plate thickness, but much larger than the fiber diameters and the fiber spacing.
This also shows that the wavelength of AO is shorter than that of the SO and SHO
modes.
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Figure 3.6. Wave curves in the laminate [+456/-456]: 1 — SH1; 2 — AO (theory);
3—-SH1A; 4—-SH1B; 5 - A1l.
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Comparison results between theoretical prediction and experimental
measurement of Lamb waves in a relatively thick [+456/ 45¢]s laminate are shown
in Fig. 3.6. It can be seen from the figure that the exact solutions agree satisfactorily
with the experimental results for both symmetric and antisymmetric modes. Even
higher modes such as S1 and A1l can be detected experimentally.

The SHO and SO modes are difficult to distinguish in the very low frequency
range (50 — 150 kHz). This feature is explained by the fact that the difference in
arrival time between the two modes is very small. It can be concluded that the two
modes have already appeared even before the end of the excitation duration. It
should be noted, however, that the exact solution for the S2 modes is not consistent
with the experimental results. This difference is determined by the presence of
larger scattering signals from inhomogeneities in the high-frequency range for
lower wave modes than from the S2 mode itself.

A comparison of the Lamb wave results in the quasi-isotropic [+45/45/0/90]s
laminate shows that for excitation frequencies up to 1 MHz, the eight-layer thinner
composite exhibits only fundamental guided waves (SHO, SO and AO) that propagate
in the laminate. It should also be noted that the exact solutions are in good
agreement with the experimental measurements for both the group velocity
dispersions and the wave curves.

Detection of mechanical damage in composites requires the combined use of
both the Lamb wave method and the basic concepts of the theory of elasticity and
elasticity in non-isotropic media, which in general include laminar composite
structures.

The consideration of waves with a fixed wave front shape implies flat
deformation conditions in the xz plane, i.e. €, = & = €,; = 0, and negligible changes
in non-vanishing strains and stresses in the y direction. The basic relations of
elasticity theory are the linear stress-strain equations for a rotated composite layer
and are given by

o =[C]e, (3.39)

where

o = {oyx, 02, Ox:}" is the extended stress vector;

€ ={&x, €, &x2}' is the extended strain vector.
The ply stiffness matrix [C] is

C11 C13 0
0 0 Cg
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For each point in the volume of a sample made of a composite structure, the
equilibrium equations for stresses in the x and z directions can be written. The
equilibrium equations, in turn, are reduced to equations describing the motion of a
wave with a fixed wave front shape. The derivatives of mechanical stresses with
respect to y are negligibly small. As a result, the equilibrium equations for
mechanical stresses take the form

o x(X,2,t)+ 0, , (%, 2,t)=pl(xz1), (3.41)
T x(X2,t)+0, ,(x2,t)=pWi(xz1), (3.42)

where

u is the displacement component along x axis;

w is the displacement component along z axis;

p is the average density of the lamina composite.

The thickness displacement variations are satisfactorily described by the
kinematic hypothesis of the layer-by-layer theory. The layer-by-layer theory allows
for the presence of piecewise (zigzag) fields across the thickness of the composite.
The calculation method is simplified by assuming that a typical laminate can be
divided into N discrete layers. Each discrete layer can contain one layer, one
sublayer, or two sublayers. Consequently, the displacement field in the laminate
takes the form

u"(x,t)¥"(z), (3.43)

M=

u(x,z,t)=

>
Il

N
u(x,z,t)=> U"(xt ), (3.44)
=1

>

where
U " are the in-plane displacement of fixed layer along x axis;
W " are the in-plane displacement of fixed layer along y axis;
WV "(z) are the linear interpolation functions.
The equivalent form of the 2 x N equations of motion across the thickness of
the laminate for an infinite strip is:

N

D AT TR VR VARY VA B 3 i VA RTERE
N1 n=1
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N

Z( BINY M 4 AW _ BNy N DMy f +[ thz) ZN:(mman). (3.46)

n=1 n=1

The Fourier transform of the generalized displacement vectors U (x,t) and
W (x,t) for a wave propagating along the x-axis of the strip is performed first with
respect to the time variable t, and then with respect to the spatial variable x,
following the standard rule

{U(x,0)W(x, )= T{U (x,t) W (x,t)lexp(=imt)dt, (3.47)

—0o0

{U(&,0)W(E )= T{u (X, @)W (x, ) exp(=i& X)dx, (3.48)

—00

where
o is the circular frequency;
§ is the axial wavenumber.
Performing the fast Fourier transform procedure leads to the following form
of the main equations

Ry IS i
—igB -BT)  £2AM 4 DI 0 2m™ [lwr[ |EM

wherem,n=1, ..., N.
The 4N-dimensional first-order problem for a given real value of frequency w
and wave number & can be formulated as follows

P, (3.50)

[Al0)- B(w)V

where

, (3.51)

~ |0 .
P:{A} ’ V:
Flan

2 e s G

4N



— Dgg + M@? 0 0 0
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B(a)): 0 D33+m(0 0 0 , (352)
0 0 A, O
i 0 0 0 Ass
0 0 — Dy + Ma? 0
A(a))— 0 _D33+ma)2 0 —D33+ma)2 (3 53)
— Dgg + Mo’ 0 A i(By3 — Bss)
0 — Dy + Mo® 0 Acc

Non-trivial solutions of the homogeneous part of equation (3.50) are obtained
by imposing a boundary condition, the essence of which is that the determinant of
the coefficient matrix of the vector V must be equal to zero.

This is equivalent to the characteristic dispersion relation of the equation. For
a given frequency w, the characteristic equation has m = 1, ... , 4N complex
eigenvalues €™ = Mre + i-&™im. The complex solutions are the axial wave numbers for
all modes existing at the excited frequency.

Among all the derived modes, there are propagating, inhomogeneous, and
decaying modes. Accordingly, these modes are characterized by real, complex, and
purely imaginary axial wave numbers.

The modal decomposition allows us to decompose the eigenvector Vin terms
of the right eigenvector @n as follows

4N
V=> Vupn=P. (3.54)
m=1

The generalized coefficients Vin can be expressed using the following
relationship

T
VAL L (3.55)
(gn _‘f)Dmn
where
Dy =¥ By, (3.56)

Accordingly, the resulting Green's function in the domain of frequencies and
wave numbers has the form



;
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v=y It 4 (3.57)

The frequency band fluctuations are superimposed on changes in the vector
of the external force F, which occurs during mechanical displacement. With such
superposition, various loading cases can arise. The most common in the
deformation of laminar composites are two types of surface loads: a concentrated
force at the point x = xo and a distributed shear force, which is applied over a finite
length. The dependence of the force on time can be any. The force vector can be
expressed using the following relationship

f(x,t)=Fo(x—xy)f (1), (3.58)

where
Fo is the amplitude of the force F;
O (x — xo) is the Dirac delta-function;
F (t) is the time dependence of external force.
The double Fourier transform in both time and space variables yields a
transformed force vector

E(£ w)=F, iexp(ifxo)F’(a)), (3.59)

where F’'(o) is the transformed forcing vector.
Applied composite sheat stress is

rxy(x,t):ro[H (x+a)-H(x-a)f(t)] . (3.60)

The shift in the frequency-spatial domain obtained using the inverse Fourier
transform has the form

Ag © TA

7 _ i ¥mP .
V(x,0)= zﬂ;_‘[} ERE, @ exp(i&x)dE. (3.61)

The integral in equation (3.61) is evaluated numerically using the Cauchy
residue theorem. The integrand has singularities only where the denominator is
zero, i.e., for the poles ¢ = . Only those poles that lead to propagating Lamb waves
are analyzed. Therefore, it is necessary to calculate the residues from these Nq poles
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- Ny T|5
V(g0)=-3 oy explisnx). (3.62)

m=1 —mn

For a given excitation frequency w, equation (3.62) represents the frequency
response of the system. To decide which poles produce the correct propagating
waves, we calculate the group velocity for each eigenvalue from equation

Cqm = zay)jmKﬁ\(Zm . (3.63)
m¥mM X
Verification numerical calculations using the features of Lamb wave

propagation in the composite volume were performed according to the following

model. A pair of concentrated normal forces of equal magnitude was applied to the
upper and lower surfaces of the sample in two different configurations.

The first configuration corresponded to the unidirectionality of the applied
forces. In this case, the generation of antisymmetric wave modes was assumed. The
second configuration included oppositely directed external deformation forces.
Forces of this direction excited symmetric wave modes. In addition, the calculations
were performed under the assumption that the time dependence of the applied
load f (t) was modeled by a Gaussian 3-cycle sinusoidal tone burst.

The predicted time response of the fringe at a distance comparable to one
third of the specimen length, measured from the point of application of the external
force, was calculated in terms of the u and w displacement components. The
calculated results showed good agreement with the experimental results for the
propagation of the A0 and SO waves. It should be noted that the widely used semi-
analytical finite element method leads to worse predictions for the identification of
mechanical damage in the bulk of the composite.

Transit time of each mode is consistent with the predicted group velocity. The
SO mode wave has a high dispersion at the selected excitation frequency. It should
be noted that the comparison of the predicted wave response will be sensitive to
small errors in the numerical calculation of the wave characteristics. In addition, a
small oscillatory component is observed at the beginning of the time response. The
initial times are compared with the arrival time of the guided wave mode, which is
introduced by the inverse Fourier transform applied to obtain the results.

The use of generalized models of layered laminates allowed us to obtain semi-
analytical solutions for the directed propagation of a direct Lamb wave with a fixed
profile in laminated composite strips. The model describing the propagation of
Lamb wave packets in composite inhomogeneous structures is solved analytically
in axial propagation. Three-dimensional theory of layered laminates was used to
analyze the variation of displacement with thickness. A double Fourier transform
transformed the problem into the frequency-wavenumber domain, where the
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modal properties of the structure were extracted. Finally, two inverse Fourier
transforms provide a solution to the problem in terms of displacements.
High-speed dynamic events in laminar composites with short dynamic
response times are described quite effectively by explicit dynamic analysis of Lamb
wave propagation. The explicit central-difference
time integration rule satisfies the equations of dynamic equilibrium at the beginning
of each time increment t. The instantaneous accelerations calculated at time t are
used to further determine the velocity at time t + At/2. On the other hand, the
displacement solution is related to time t + At. The equations of motion for the body
are integrated as

) ) At . + At
Uis1/2 =Ui_1/2 +—'+12 -, (3.64)

Uit =Uj + At U0, (3.65)

where u is the displacement vector.

For this model, the source of deformation regions in a laminar composite is a
piezoelectric sensor, the coordinates of which are fixed on the side surface of the
composite sample are assumed to be known.

An additional limitation of the calculation model is that the mechanical
property of the piezoelectric sensor is transversely isotropic. The direction of
placement of the sensor is coaxial with the polarization direction, which is specified
by the Z axis (perpendicular to the disk plane, as shown in Fig. 3.7). In this case, the
associated linear electromechanical constitutive relations can be expressed as

o Db 0 0 0 0 0 0 dgs 0 E,
ds 0O bb 0 0 O 0 dy O 0 E,
U3 0 0 D3 dy dy dyz O O 0 Es
11 0 dy Sy S Sz 0 0 0 01
gp(=| 0 dy S; Sy S 00 0 1022, (3.66)
€33 0 d33 S;3 S;3 Sz 0 0 0 033
&3 0 dgy 0O O O 0 Sy, O 0 O3
&13 dg 0 0 0 0 0 0 Sy 0 o3
&) |O 0 0 0 0 0 0 0 2S4;-Sp) |ow)

where
qgi is the electric displacements;
Eiis the electric field;
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&ij are the mechanical strains;

ojj are the mechanical stresses;

dij are the piezoelectric strain constants;
sijare the compliance constants.

Simplification of material equations in a plane-stressed state is possible under
the assumption that for a piezoelectric sensor there is no electric field in the plane
E1 = E; = 0. In this case, the following representation is valid for the material
equations

Og = D3E3 +dgy (013 + 077, (3.67)
E
o11 :1_—2[(511 +v&y ) - ([1+0)dyEg], (3.68)
E
02 3 (625 +v&11) - (A+0)dy E5], (3.69)

where
E is the Young’s module;
v is the Poisson’s ratio in the plane of piezoelectric sensor.
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Figure 3.7. Variations in deformation and mechanical stress in composite laminate.

The resulting values of the forces and moments of forces acting in the volume
of a mechanically stressed laminar composite satisfy the following relationships
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Nx +t, /2| Oy
N, b= I o, tdz. (3.70)
N, 412 |0y

The most common two configurations correspond to the arrangement of disk
sensors with a symmetric composite plate. The first configuration includes a single-
disk sensor. In this case, both symmetric (SO) and asymmetric (AO) Lamb wave
modes can be excited simultaneously. The reason for this effect is that the
composite plate is activated by shear and bending.

In the case of a double-disk sensor, the corresponding sensors produce either
pure shear or pure bending. Therefore, symmetric and asymmetric Lamb wave
modes can be generated separately.

The resulting displacement, shear force and bending moment generated by
the circular disk of the piezoelectric sensor on symmetric quasi-isotropic composite
plates are uniform along the edges of the sample.

In this case, elastic waves are excited in the main plates and propagate in the
direction perpendicular to the edge of the sensors. In the relatively "low frequency"
region, a single piezoelectric sensor simultaneously excites the SO and AO modes of
the Lamb wave. On the other hand, double disks can generate SO or AO modes
separately. The relationship between mechanical stresses and strains in the x- and
y- directions is described by the following equations

Ey tLE Ey tLE
1-v| 1+v 1-v| 1+v t, ]
Ey TLE Ey tLE ]
1-v| 1+4+v 1-v| 1+v t, ]

where A is the piezoelectric strain.

In the neutral plane region of the integrated configuration of the piezoelectric
sensors and the base plate (see Fig. 3.8), for the case of one sensor, the bending
moment per unit length can be given as

t,—t,
M, = J'a§p)zdz, =0, (3.73)
—t,,

and for assymmetric mode
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t, /2
M, = jo—§p)zdz, 2=0. (3.74)
112

The proposed finite difference stress excitation models work effectively and
provide very good excitation of Lamb waves at fixed frequencies for both isotropic
plates and quasi-isotropic composite laminates. The calculation results are
illustrated in Fig. 3.8.
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Figure 3.8. Finite element model’s results for 3-D shell elements x-displacement
mode.

A single piezoelectric sensor can excite both SO and A0 modes simultaneously.
Alternatively, with multiple sensors evenly spaced over the side surface of a
laminated composite sample, either SO or AO can be excited separately. Numerical
calculations with the finite difference model, which uses the 3-D method with
displacement and shear force excitation, indicate that the group velocities of the A0
mode corresponding to one and several sensors are significantly different.
However, there is no such difference for the SO mode.
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CHAPTER 4

DELAMINATION DETECTION IN COMPOSITES

Lamb waves are elastic disturbances resulting from the superposition of
longitudinal waves (P-waves) and shear waves (S-waves). Shear displacements
occur both in the direction of wave propagation and perpendicular to it. Compared
to body waves, which propagate in solids far from the boundaries of the free
surface, Lamb waves can propagate over large distances. With this type of
propagation, energy losses are minimal, as is the attenuation of the amplitude.

This feature allows Lamb waves with different signal-to-noise ratios to be
detected. Detailed detection is possible even in highly dispersed/fading materials,
such as polymer matrix composites. The slight attenuation of wave packets is
caused by the presence of two closely spaced parallel free boundaries of the surface
compared to the wavelength. This condition is most often satisfied for plate or shell
structural elements. The propagation of Lamb waves inside a composite material is
determined by the presence of defects and damages, like any other boundary
condition. This phenomenon is the basis for the use of Lamb waves in detecting
mechanical damage in non-destructive testing methods.

Two-mode Lamb waves can exist simultaneously in symmetric (Sn) and
antisymmetric (An) states. These modes can propagate independently of each
other. The subscript (n) is an integer indicating the mode order or the number of
inflection points found in the wave deformation field across the thickness.

When a wave packet propagates in a composite sample of finite thickness,
there is an infinite number of multimode symmetric and antisymmetric Lamb
waves. The shear components of horizontal (SHn) waves differ from each other in
their phase and group velocities, as well as in the distribution of displacements and
stresses across the thickness of the plate.

Most of the experimental studies use only input signals that excite uniquely
fundamental (without inflection points) antisymmetric (AO) and symmetric (SO)
Lamb waves. Such a technique helps to avoid the increased complexity in
interpreting the collected wave signals, which contain interference of multiple
modes.

In addition to the existence of several wave modes, Lamb waves are dispersive,
i.e. the propagation velocity of each wave mode and their order/excitation depend
on the excitation frequency. This behavior is predicted by the corresponding
characteristic equations of Lamb waves and is represented by dispersion curves, i.e.
curves of the dependence of the propagation velocity on the frequency and
thickness.

The use of composite allows for the application of individual designs, applying
appropriate strength/stiffness in the required directions, while minimizing the
weight of the structure. It should be noted that the response to damage of
composite structures on the one hand and metallic (isotropic) systems on the other
is fundamentally different.
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The use of Lamb waves has shown significant promise for damage detection in
composite structures. However, most of the theoretical developments in the
analysis that allow accurate application of Lamb waves have been performed mainly
for isotropic materials or for anisotropic materials with orthotropic and higher
symmetry.

Lamb wave propagation in composites is quite difficult to predict. The reason
for the poor predictability is the significant anisotropy of the material, as well as the
strong attenuation/dispersion behavior of the wave. Composite material
parameters such as fiber volume fractions, stacking sequence, and types of
matrices/reinforcements used greatly affect wave propagation characteristics.

The direction of propagation of wave packets in composite plates is directly
related to the wavefront velocity, which varies with frequency. Composite
laminates in simplified analysis models are assumed to have orthotropic or higher
symmetry to generate dispersion curves.

One of the simplest methods for generating Lamb wave dispersion curves is to
use the effective stiffness approach. In this methodology, a geometrically weighted
average of the component property values is used as the average material constants
for the entire laminate.

An additional methodology is based on the classical laminated plate theory. It
should be noted that the classical laminated plate theory cannot accurately predict
the dispersion behavior of Lamb waves at sufficiently high frequencies.

Both analytical techniques have high computational efficiency. However, the
classical laminated plate theory and higher order theories are only approximations
and cannot accurately predict the higher modes of Lamb waves at higher
frequencies.

The solution to this problem, at least partially, is the approximation method
for a multilayer transversely isotropic material. The approximation method is based
on the analysis of a set of stiffness characteristics. Such an analysis assumes the
possibility of approximation by polynomial interpolation functions for the thickness
displacement distribution.

An additional hybrid method involves the use of a semi-analytical finite
element, which uses the finite element method to discretize the cross-section and
describes the displacement along the wave propagation using analytical simple
harmonic functions. The most accurate method for calculating the propagation
characteristics of Lamb waves in composites is the linear 3D elastic properties
method.

Analytical equations can describe the propagation of Lamb waves in the
principal plane (with simultaneous shear-horizontal mode separation) in a single-
layer monoclinic composite plate. A generalization of these analytical equations
includes a solution for an n-layer plate based on the transfer matrix approach.

The state of a general monoclinic laminate composite under stress-free
conditions can only be described by a discrete set of analytical dispersion equations.
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The propagation of the fundamental mode Lamb wave in an arbitrary orthotropic
laminate can be analyzed in detail based on three-dimensional linear elasticity
theory and the transfer matrix. Numerical calculation of the energy distribution
through the thickness is performed as a result of the analysis of the real part of
stress and mechanical strain.

For a periodically layered composite with orthotropic symmetry, a closed-loop
algebraic solution for elastic wave propagation is an effective technique. The
corresponding numerical calculations are reduced to the use of a sixth-order matrix
equation and a transfer matrix analysis. A composite material with monoclinic
symmetry provides the Lamb wave packet propagation dynamics based on the
slowness vector and the transfer matrix approach for propagation along the
symmetry axis.

The existence of a coupling between longitudinal and shear waves is the
reason for the plate wave for the n-layer orthotropic laminate. The analysis of the
plate wave dynamics is based on both the transfer matrix and global matrix
approaches.

The propagation and dispersion characteristics of Lamb waves can be derived
and analyzed on the basis of orthotropic and higher symmetry for n-layer composite
laminates, including several simplifications and approximations (characterizing
wave propagation only in certain directions). The adoption of the orthotropic
hypothesis may be invalid if the actuators and sensors in an orthotropic or
transversely isotropic laminate are mounted in a non-principal direction or if the
layup is symmetric but not balanced.

This leads to a lower monoclinic symmetry, for which the solution is provided
for only one layer. Therefore, to significantly improve this analysis technique, a
complete derivation of the Lamb wave equations for n-layer monoclinic composite
laminates based on 3D linear elasticity is needed. The existence of an effective
coupling between Lamb waves and horizontal shear waves is in turn related to the
existence of displacement fields in all three directions.

The computational method uses the partial wave method in combination with
the global matrix approach to numerically solve the Lamb wave equations. A robust
step-by-step solution for generating Lamb wave dispersion curves is the main
objective for this part of the Lamb wave packet propagation analysis.

First of all, it is necessary to consider the shear-stress relationship. The tensor
form of the stress-strain relationship in a Cartesian coordinate system for an
anisotropic solid medium assuming linear elastic behavior is as follows

0 =Ciji€k1» (4.1)

&ij = SijkiOkl» (4.2)
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where
cijii is the stiffness tensor;
sij is the compliance tensor.
The dependence of the linear elastic deformation on the mechanical
displacement can be determined by the following relationship

. 0U;
gij :l %4‘—] . (43)
2\ ox;  OX

In turn, the generalized equation of motion is determined by the components
of the displacement

00 .
=p ) (4.4)

Each layer in the laminar composite according to the calculation model is
described by a local {x1*, xo*, x3*} and global {x1, x2, x3} coordinate system.
The mechanical stress in the global system is equal to

{o}=IT,Ho*}. (4.5)

where [T5] is the stress transformation matrix.

The local coordinate x3* coincides with the global coordinate (x3), thereby
defining ¢ as the rotation angle around the x3 axis. In this case, the stress
transformation matrix [T;] is defined by the matrix form

¢ s2 00 0  2cs
s> ¢2 00 0 —2cs
L R (4.6)
0 0O 0 ¢ -5 0
0 0 0 s ¢ 0
—cs ¢s 0 0 0 c°-s”
where
C = COS @;
S =sin .

The transformation of the stiffness matrix from the local to the global
coordinate system can be performed using the following algorithm



[e]=[T, Jle*]IT. T (4.7)

The propagation of Lamb wave packets is described by the governing
equations for the case of composite materials that exhibit orthotropic and higher
degrees of symmetry.

It should be noted, however, that it is necessary to consider lower monoclinic
symmetry for the excitation and propagation mode of wave packets in an
orthotropic or transversely isotropic laminate along a non-principal direction, or if
the stacking is symmetric but not balanced. For example, this will be observed as a
result of the installation of wave signal generators that can be fixed in a non-
principal direction of the commonly used orthotropic or lower symmetry of the
plate.

These factors lead to the fact that the Lamb wave equations will be derived for
monoclinic symmetry, which can be used for any material symmetry that is higher
than monoclinic.

The stress-strain relationship for monoclinic composite material can be
expressed as

O11 Ch Co CG3 0 0 Cpffepn
) Cop Cp Cz 0 0 Cyl|éxp
Os3| _| @3 Coz Cs3 0 0 Cg | &33 . (4.8)
O3 0 0 0 cy Cpis 0 [|269
o13 0 0 0 cg5 C5 0 ||2¢3
O12) [Cs Cx C O 0 Ce (261

Let us consider in more detail the model of Lamb wave propagation in a
monoclinic material in order to derive representative equations. At the first stage,
we will analyze the displacement field in all three directions in comparison with the
consideration of only the propagation of wave packets along the principal
directions.

The consideration of Lamb waves can be non-isotropic for all directions in a
laminar composite sample. Substituting the displacement fields ui with The general
equilibrium equations for the displacement field ui have the form

where the matrix elements have the form

Kll = Cllklz + C66k22 + C55k32 + 2C16k1k2 - p 602, (410)
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Kip = Cigki® +Cogk3 +Casks +(C1p +Cog iky, (4.11)

Kys = (Cy3 + Cs5 )KoKs + (a6 + Cy5 )KoKs, (4.12)
2 2 2 2

Kz = (Ca5 + C45 )KiKg +(Coz + Caq JKoKs, (4.14)

The condition for the presence of a set of non-trivial solutions to a system of
equations can be reduced to the form

det(K;; )=0 (4.16)
or

The three roots of k2 correspond to one pair of quasi-longitudinal and two
pairs of quasi-shear modes. The six roots of k3 can be divided into three pairs, with
the constituent elements of each pair being negative with respect to each other.
Each pair represents an ascending and descending traveling wave making the same
angle with the x; axis.

The relationship between mechanical stresses and stiffening elements for the
case of boundary conditions without tension takes the form

O3z = C3 My Cos U . Ca3 — U + Cgq Uz , Oy , (4.18)
0% OXo OX3 0% 0%y
SN JCC- S ) P L g ) (4.19)
OX3 0% 0% OX3
Oy = Caa| 2+ M |, [ O (4.20)
S OX3  OXy ® OX1  OXg

Free boundary conditions at the top and bottom surfaces of lamina composites
are
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0-33‘x3:4_rh - 0-13‘x3:ih - 0-23‘x3=ih =0.

(4.21)

The displacements (u1, uz, us) can be represented as functions of unit
amplitude (Uiq), by defining the ratios of the displacement components as Vq =

Uzq/U1q and Wq = Usq/U1q, namely

Vv Kll()(q )K23(Zq)— Klz(}(q )KlB(Zq)
“ Kls(Zq)Kzz(Zq)— KlZ(Zq)K23(Zq)’
W — Kll(Zq)Kzs(Zq)— Klz(Zq)Km(Zq)
" Kaglrg Ko g )~ Kaalrrg Kaslg )

The total displacement interms of Vgand W, are

6
Uy = ZUlq exp[i(klxl +KoXo + XqX3 _a)t)]'
g=1

6
Uz = quulq exp[i<k1X1 +KoXp + g3 - a)t)]
g=1

6
Us = Zunlq exp[i(klx1 +KyXp + ¥qXs —a)t)].
g=1

And the total stress can be simplified as

6

Og33 = iz DigU1q €Xp [i(klxl +KoXp + xgXs — a)t)]
g=1
6
O3 = iz DyqU1q exp[i(klx1 +KaXp + ¥gXs — a)t)]
g=1
6
Op3 = iz D3qU1q exp[i(klx1 +KaXy + ¥gXs — a)t)]
g=1

where

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)



85

The layers of composite structures consist of a linear elastic material with
perfectly bonded interfaces with a continuous strain distribution and that the
stresses at each interface are equal. The composite fiber aggregate is sufficiently
rigidly bonded to the matrix. There is stress/strain compatibility at the fiber-matrix
interface.

The most commonly used methods for generating Lamb wave dispersion
curves of layered anisotropic media are based on three-dimensional linear elasticity
in combination with global matrix and transfer matrix approaches. This technique
uses only the global matrix approach, since the transfer matrix is considered stable
only for the low-frequency thickness product.

The global matrix concept analysis methodology is based on examining all the
equations from each layer to form a single global matrix (Fig. 4.1). This matrix
describes the displacement and stress fields associated with wave propagation. The
global matrix method consists of X (n - 1) equations for n layers, where X represents
the number of expected partial waves. This method is robust and remains stable for
any frequency-thickness product, since it does not rely on wave coupling from one
interface to another.

Figure 4.1. N-layered composite laminate.
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For the k-th layer of a monoclinic plate with thickness dk, the displacement ui
and stress rij can be written as follows

6
(up,up,ug), = {Z(l,vq W, )Ulq explilky X, Sing + K, X, + XqXa — a)t)}} ,  (4.33)
k=1 K

6
(033,013,023), = {iZ(qu ,Dyq. Dy )Ulq explilky X, Sin g + kX, + XqXa —a)t)}} , (4.34)
k=1 k
where
¢ is the incident angle relative to the x-axis.
By linking together, the matrix elements for mechanical stress, shear, and the

energy component of a wave packet as it moves in a fixed direction within a
laminated composite, the following matrix equation can be written

Uy r 1 1 1 1 1
U, Vi Vi Vs, Vs Vs Vs
Us | _ Wp o =W W Wi Wy Wy X
033 Dy Dy Dz Dz D 1D
013 IDy; —1Dy; 1Dp3 —1Dy 1Dy —1Dgs
023), |IDs —iDg D33 —iDg iDgs —iDgs |

Uy, expli(kyX; sing +kyX, + 71X — @t)])

Uy, exp[i KiX Sing + Ky Xy + 7X5 — ot

JUss expli(kyx, Sing + KyX, + 11%3 — ot (4.35)

U5 expli(kyx; Sing + KXy + 71%3 — 0ot
U16 eXp[I k1X15In¢)+ k2X2 +Z1X3 — ot )

( )

( t)]

( ot)]
U4 expli(kyx; sing + kX, + 71%3 — ot)]|

( ot)]

( ot)]

The part of the matrix equation (4.35) that contains the displacement and
stress vectors is denoted as P«. Accordingly, the right-hand side is denoted as Xk, the
displacement amplitude is Uk, and the wave equation is denoted as Dx. In this case,
the short form of the matrix equation is

R} =Xk ][O ] U} (4.36)
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Each layer of the monoclinic plate of the laminar composite has six partial
waves, denoted as (L+/ ), (SV+/ ) and (SH+/ ). These Lamb waves can be interpreted
as quasi-longitudinal, quasi-shear vertical and quasi-shear horizontal waves,
respectively. Positive and negative signs represent downward and upward traveling
waves. The characteristic equations of Lamb waves can be written as a result of the
analysis of displacements and shears in the second interface (i2), which consists of
the lower surface of layer 2 (/2) and the upper surface of layer 3 (/3).

Mechanical displacements and shifts in a fixed layer are subject to a system of
equations

P} =[X126 D126 V12 1] (4.37)

P} =[X135IDigp [Uisn ] - (4.38)

The condition of continuity of displacement within one layer has the form

U
[[le ol Zy3 b]]{ UIZ ° } , (4.39)
13.¢

where indexes “b” and “t” are the nearest surfaces of fixed layer.
The global matrix combines the conditions for all layers and the five partial
Lamb waves that propagate in the monoclinic laminate

NZuw] =220 [0] [0] [0]
o] [zi2p] [Ziae) 0] [0]

] o] [Xssl Fzied [0] ={o}. (4.40)

L ] ] [xue] [z

The boundary conditions for Lamb waves specify that the mechanical stresses
on the top and bottom surfaces are zero. The solution to this boundary condition
can be obtained by splitting the submatrix of the top and bottom layers in the
equation into their associated mechanical stresses and displacements. This split
allows a new matrix to be formed in the next step.

In the next step after the separation, only the components of mechanical stress
are analyzed to obtain the dispersion curves of Lamb waves. Assuming that the
displacement components from the upper and lower layers of the equation are
negligible, the newly obtained matrix can be separated.

The solution for Lamb wave propagation (Fig. 4.2) and hence the dispersion
curves are obtained by finding a non-trivial solution to the previously written
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characteristic equation [Z] {U} = 0 where [Z] is the global matrix and {U} is the
amplitude vector. Numerical determination of equation |Z| = 0 leads to the
construction of the Lamb wave dispersion curve.

/4%/“
—i i

Figure 4.2. Partial waves in monoclinic composite plate.

Comparison of the calculated and experimental data indicates numerical
values of 2.4, 5.6 % for antisymmetric and symmetric Lamb waves, respectively. The
modulus of the theory-experiment difference increases slightly for high Lamb wave
frequencies and in the direction coaxial with the symmetry axis of the laminate
specimen can be explained by the difference in the stiffness of the composite
material between its rolling direction and transverse direction.

To confirm the efficiency of describing the field of mechanical stresses and
shears in the bulk of the laminar composite, a broadband Lamb wave was
investigated. The Lamb wave packet was propagated in a quasi-isotropic laminate
of 3.4 mm thickness ([45/0/-45/0]3s). The frequency generator and receiver were
separated by a distance of 100 mm and were fixed on the surface of the laminate.
The input signal was a single-cycle sine wave at a frequency of 400 kHz with a
Hamming window. The input waveform had a characteristic region with a single-
peak profile. This input wave is broadband up to a value of 1 MHz. The full width at
half maximum of the Fourier spectrum is about 600 kHz.

The Lamb wave sets were averaged during processing to reduce noise. The
resulting waveform was analyzed using the Fast Fourier Transform. The continuous
wavelet transform was implemented using the complex Morlet wavelet. The
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Fourier spectrum was characterized by a large number of peaks due to the
frequency dispersion of the Lamb waves in the laminate.

To identify the Lamb wave modes, theoretical dispersion curves of Lamb wave
packets were calculated. The group velocities of all modes propagating in a quasi-
isotropic laminate of fixed thickness were calculated for each frequency. The time
for symmetric and antisymmetric modes was determined from the phase and group
velocities. The corresponding dispersion curves are shown in Fig. 4.3.
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Figure 4.3. Dispersion curves for all modes of Lamb waves.

Most often, Lamb wave packets transform their modes at fixed points. For
these regions of the composite volume, the plate thickness changes and some
modes are reflected back. To explain this effect, it should be taken into account that
the mode dispersion curves strongly depend on the plate thickness.

The results of the analysis of the dispersion curves for a quasi-isotropic
laminate with an insignificant thickness indicate that the frequency on the
horizontal axis doubled. This frequency doubling was observed under the condition
that the thickness was halved. Comparison of the mode composition of Lamb wave
packets for different thicknesses of composite plates leads to the following results.
Three modes AO, SO and Al are present at a fixed frequency in a thick laminate. On
the other hand, the A1 mode cannot propagate in a thin laminate. Therefore, in
regions of space where the laminate thickness experiences a significant (multiple)
decrease, the A1 mode will be transformed into SO and AO. On the contrary, with
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increasing thickness, part of the energy of the SO and A0 modes will be transformed
into Al.

For the case where there is a delamination in the middle of the laminate
thickness, the frequency dispersion curves of the Lamb wave packets that pass
through the delamination region will change. The reasons for this change can be
attributed to the mode transformations at both ends of the delamination. This
phenomenon can be used to quantitatively detect delamination damage in the
laminate.

The intact region before delamination is characterized by the presence of
antisymmetric modes A0 and Al, which are generated by the antisymmetric
excitation. In addition, the analysis results indicate the existence of small S modes.
These modes were reflected from both ends of the delamination after mode
conversion.

It was found that the A1 mode propagated weakly in the frequency range
above the cutoff frequency in the stratified region. Most of the wave energy of the
Al mode was converted into SO. The amplitude of the A1 mode increased
significantly after passing through the stratification. The reason for this increase in
amplitude is the mode transformation from SO to Al at the end point of the
stratification.

In symmetric modes, the weak modes S1 and S2 appeared twice with different
arrival times. The dispersion curve analysis showed that the faster modes S1 and S2
were transformed from SO and A1, and the slower ones were transformed from AO.
The results of the analysis of the characteristics of the transformed modes in the
delamination region are consistent with the available experimental results.

The combined analysis of both the calculated dependences and the
experimental results indicates the following features of the behavior of the Lamb
wave packet modes. The A1 mode in the undamaged region is transformed into the
SO mode at the initial point of delamination, which is present in the middle of the
thickness of the quasi-isotropic laminate. On the other hand, the SO mode is
transformed into the A1 mode at the final point of delamination.

The observed features of the mode conversion can be used as a basis for a
method for detecting delamination in quasi-isotropic laminates. In particular, the
key effect whose characteristics should be used in the method is the excitation of
antisymmetric modes.

The antisymmetric mode Al is converted to the mode SO in the delamination
region. In this case, the group velocity dispersion differs between the mode Al in
the intact region of the thick laminated composite sample and the mode SO in the
delamination region of the thin sample. Since the mode SO is faster than the mode
Al, the arrival time of the mode Al at the detection sensors decreases with
increasing delamination length.

This difference in velocity increases with decreasing frequency. Therefore, it
can be concluded that the frequency dispersion of the mode Al will change
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depending on the delamination length. These expected phenomena were
investigated in numerical simulations.

The trend of the dispersion changes for the peaks of the maximum of the Al
mode depending on the delamination length is illustrated in Fig. 4.4. With an
increase in the delamination length, the amplitude of the A1 mode decreased. The
slope of the dispersion curve also changed. Comparison of the calculation results
with the available experimental measurements indicates that the considered
method of using Lamb wave dispersion is effective for detecting delamination
damage.
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Figure 4.4. Maximum points of A1 mode: L1 — 0.5 mm; L2 — 20 mm; L3 — 40 mm;
L4 —-60 mm.

The interaction of waves with laminar composite bulk delamination and lateral
surface effects is fairly easy to detect in the time-space wave field. However, the
implicit characteristics of wave packet propagation, such as the content of the wave
mode and how the modes change along the wave path, are not easily visible.

Wave data analysis, representing the characteristics of a wave number set by
the locus of wave front points, has abundant information regarding the existence
of different wave modes and wave propagation characteristics.
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Localization of a two-dimensional Fourier transform, where the wave number
is a function of distance, can be realized by methods of transforming the wave field
into a time-space representation of the wave number.

Spectral analysis of Lamb waves in time and space using a two-dimensional
Fourier transform allows one to write the frequency-wave number representation

(f- k) as

j jvt x)exp[—i(27 f t —kx)Jdtdx, (4.41)

where

V (f, k) is the resulting frequency-wavenumber representation;
fis the frequency variable;

k is the wavenumber variable.

For spatial information in the resulting f - k representation V (f, k), the spatial
component is lost during the transformation. However, it is often desirable to know
how the wave number varies along the propagation distance of the wave. In order
to preserve and subsequently transform spatial information, a new short spatial
two-dimensional Fourier transform was developed to obtain the space-frequency-
wave number representation.

This technique can be viewed as a straightforward extension of the short-time
Fourier transform to two-dimensional problems, i.e., breaking up the time-space
wave field into small segments along the spatial dimension before applying the
Fourier transform.

The first step in the numerical implementation of such a technique is that the
wavefield data are multiplied by a window function of fixed size. This function is not
zero only for a short period in space, but is constant over the entire time dimension.

In a subsequent step, a two-dimensional Fourier transform is applied to the
resulting wavefield segments. As the window slides along the spatial dimension, a
set of windowed wavefield segments is generated. A two-dimensional Fourier
transform is again applied to these segments, resulting in a set of frequency and
wavenumber spectra, which are indexed by the window location.

Spatial information can only be preserved by this method. The window space
is realized using the two-dimensional Fourier transform technique and has the form

- J .[Vt XMW *(t,x — X)exp [ i(27 f t —kx)]dtdx, (4.42)

where
X is the retained spatial argument;
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W (t, x) is the window function.
For the case of laminar composites, it is advisable to choose the Hanning
function for constructing the window W (t, x) in the form

X < % 0.5{1+ COS(ZELH
W (t,x)= D], (4.43)

X|> 2 0
2

where Dy is the window length in specific space dimension.

The nature of the change in the frequency component, as well as the resulting
spectrum of the space-frequency-wave number in space, can be determined by
shifting the window along the spatial dimension. This procedure is usually carried
out using a two-dimensional Fourier transform.

In the spectrum of the delaminated plate, new f - kK components appear
between the original A0 and SO modes, including both positive (forward
propagating) and negative (backward propagating) analogues. The set of emerging
f - k components correlates with the wave propagation in the delamination region.
This correlation can be explained by assuming that the delamination is the only
difference from the original plate.

The reconstructed wave field represents the back and forth propagation of
waves between the delamination boundaries. The combination of analytical
predictions and experimental data indicate that the new f - kK components are
created by waves trapped in the delamination region when the waves pass above
and below the delamination. In this case, the trapped waves are above the
delamination, since the wave field characteristics correspond to the upper surface
of the laminated composite in the form of a thin plate.

The processing of the numerical characteristics of the wave fields using the
two-dimensional Fourier transform at short distances indicates that the wave
number changes along the propagation path of the wave packet in the local volume
of the laminar composite.

It should be noted that the space-wave number of both A0 and SO modes
remains constant in wave number and continuous in space along the propagation
path. Naturally, the absence of changes corresponds only to the ideal case. The
presence of delaminations in the bulk of the composite leads to a significant change
in the spectrum of space-wave numbers.

The region of significant concentration of delaminations in the volume of the
laminated composite corresponds to the discontinuity of wave numbers along the
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spatial dimension. The size of the gap is directly related to the length of the
delamination. The analysis of the delamination spectrum indicated that new wave
numbers representing forward and backward propagation can be identified and are
present only in the delamination region.

The final conclusion can be formulated as follows. New wave numbers are
presentin the delamination region and are related to the propagation of Lamb wave
packets in this region. The considered methods of wave number analysis can be
used in engineering practice to detect delamination and estimate its length in
space.

It is of interest to improve the method for determining the depth of the layer
under which delamination occurs. The problem of determining the depth of
delamination is reduced to determining the number of layers above the
delamination. Obviously, the number of layers below the delamination can then be
found by subtracting this result from the total number of layers.

k, 108 rad/m

0 100 200 300 400 500 600
f, kHz

Figure 4.5. Frequency (f)-wavenumber (k) dispersion curves for fixed plies (p).

Analysis of the material properties at the layer level of the composites under
study allows one to construct a set of theoretical dispersion curves with a
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corresponding set of wave numbers. The dispersion curves for laminates of 1-8
layers are shown in Fig. 4.5. For example, a five-layer laminate will consist of five
upper layers, [0/0/90/90/0].
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Figure 4.6. Wavenumbers (k) at 300 kHz versus of plies (p).

Figure 4.6 shows the wave numbers at 300 kHz for laminates of 1 — 8 layers.
The detection of the delamination depth is carried out when new wave numbers
are present in the wave number spectrum. The new wave numbers will correspond
to the theoretical dispersion curves (for the frequency-wave number spectrum)
and/or the theoretical wave numbers (for the space-wave number spectrum).

Numerical calculations have confirmed that wave packets propagate through
the delamination region and can be reflected back and forth between the
delamination entrance and exit. In such reflection, the propagation of wave packets
is characterized by the appearance of new in-plane and out-of-plane wave
numbers.

A mechanical deformation such as a simple delamination that separates an
initially composite specimen into two parts will result in the propagation of Lamb
waves above and below the delamination. The composite material above and below
the damage will have different layers and thicknesses compared to the original
intact plate. Lamb waves propagating on the outer surface of the plate above (or
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below) the damage will have modified propagation characteristics and wave
numbers (which will depend on the number of layers in the separated parts). To
determine the depth of delamination, it is necessary to determine the number of
layers above the delamination.

The appearance of a set of new wavenumbers allows the depth of the
delamination layer to be determined. The new wavenumbers will correspond to the
theoretical dispersion curves (for the frequency-wavenumber spectrum) and/or the
theoretical wavenumbers (for the space-wavenumber spectrum). The spectrum of
the in-plane f - k component from the simulation data is verified by comparing it
with the dispersion curves of plates with different numbers of layers.

The analysis of numerical experiments showed that the dispersion curves for
the case of a two-layer thick laminate best fit these new frequency-wavenumber
components. In particular, the new f - k components fit well the theoretical curves
of the SO mode in a two-layer [0/0] laminate. Summarizing these results, it can be
stated that the position of the delamination in terms of the number of layers can
be determined using frequency and wavenumber analysis.

The dispersion curves show new frequency-wavenumber components that
correspond to the AO mode in the two upper [0/0] layers. These components can
be identified using the same comparison technique (although in this case the waves
are much weaker compared to the waves outside the delamination region).

It should be noted that the delamination in this case is detected below the
second layer. In the space-wavenumber spectrum at 300 kHz, the new
wavenumbers are present in the delamination region and coincide well with the AO
mode at 300 kHz in the two-layer [0/0] laminate.

The good agreement between the experimental results and numerical
simulation data confirms the possibility of using layer depth detection through
wavenumber fitting to quantify delamination.
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CHAPTER 5

LAMB MODES DISPERSION AND SCATTERING

The main advantages of Lamb waves as a tool for identifying a wide variety of
damage types in the volume of composite samples are their propagation over long
distances with high sensitivity to small changes, as well as their ability to scan a large
area of the objects or structures being examined. Lamb wave packets with a fixed
propagation direction not only cover large objects, but are also quite sensitive to
local mechanical damage. However, the nonlinear characteristics of directed wave
packets complicate the task of extracting information about the features of a
defect. In this regard, the method of processing signals recorded by wave receivers
is also complicated.

Both phase and group velocities of guided waves are among the main
parameters for assessing the deviation or change in material properties. Waves of
a fixed direction have an infinite number of dispersion modes. and each of them is
described by two frequency-dependent velocities: phase and group. Dispersion
curves are used to show the changes in velocities c depending on the frequency f.
Changes in the velocity of a guided wave can indicate the location and size of a
defect.

Taking these features into account, it can be argued that a signal processing
method that allows reconstructing the dispersion curves of guided waves
propagating in a given structure is very relevant. However, most of the algorithms
for reconstructing group and phase curves of the dispersion of the velocity of guided
waves encounter difficulties in estimating time-dependent changes in the
frequency spectrum of the signal. In this regard, these methods should contain an
improved frequency-time analysis of guided wave signals.

One of the types of guided waves propagating in thin plates with parallel free
boundaries are ultrasonic Lamb waves. Information about the dependence of the
phase velocity ¢, on the product of the frequency f and the plate thickness d can be
obtained by analyzing the phase velocity dispersion curves of Lamb waves. In
general, the dispersion curves are different for different wave modes.

All modes, namely the asymmetric An mode and the symmetric Sn mode
(except for the horizontal shear SH) are strongly dependent on frequency. Since the
phase velocity is defined for any particular frequency, the wavelength A of the mode
can also be estimated. The wavelength A of the Lamb wave is a critical parameter
because it determines the sensitivity to the size and geometry of the detector. The
phase velocity dispersion curve is an important parameter for detecting
inhomogeneities in elastic properties and/or localizing defects in unknown material
objects under test.

The hybrid signal processing methodology is generally free of the above-
mentioned shortcomings. This method uses spectral decomposition and zero-
crossing methods to analyze non-stationary signals. The first stage of the improved
method requires analyzing broadband signals, characterizing the dispersion, and
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reconstructing segments of the phase velocity dispersion curve of both lower
fundamental Lamb wave modes. The main objective of this technique is to study
the suitability of the proposed algorithm for signal processing in a dispersive
medium for estimating the dispersive phase velocity and for reconstructing
segments of this velocity dispersion curve in the widest possible frequency ranges.

A promising method for measuring the phase velocity of the Lamb wave is the
zero crossing method. The peculiarity of this technique is that the parameters in
both the time and frequency domains are calculated and related to each other as a
segment of the phase velocity dispersion curve. The zero crossing method provides
several advantages, such as identifying the fundamental AO and SO modes operating
in low or high dispersion zones. In addition, this technique allows reconstructing
segments of the phase velocity dispersion curves of the A0 and SO modes in the case
of Lamb wave packets.

According to the zero-crossing technique, at least two signals are required,
recorded by two receivers located at two different and relatively close positions x;
and xi:1. The Lamb wave source is characterized by constant coordinates and is
excited by a broadband packet s(t). In general, these signals contain information
about the phase velocity cp(f), which must be extracted by signal processing.

The velocity of the wave packet on the surface of the plate affects the Lamb
wave signal ui(t) at a distance x;

u,(t)= FTHS(f)-H(f)]. (5.1)

where
FT'is the inverse Fourier transform;
S(f) is the Fourier transform of the incident pulse s(t).
The transfer function for Lamb waves propagation has the form

H(f)—exp{— j 2: (ffx), :l (5.2)

The zero crossing method is based on the delay times tim and ts1)m of the
propagating waves. The delay times are calculated from the characteristics of the
signals recorded at different positions xi and xi:1. These signals are analyzed
according to the zero crossing algorithm for relative amplitude A’ (see Fig. 5.1). The
number of measured zero crossing momentsism=1, 2, ..., M, where M is the total
number of analyzed zero crossing moments. In the second stage of the zero crossing
technique, the phase velocity cpm of the propagating wave at a given distance can
be estimated using the following formula
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AX; Xi 1 — X
Cpm — I _ i+1 L (5.3)
Atjp, t(i+1)m ~tim

where
Axiis the distance between two neighboring positions;
Atim is the signals delay time difference.
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Figure 5.1. Wave form of received signals: 1 — ui(t), 2 — uisa(t).

The time delay Atim can be calculated based on the data on the delay times of
the zero-crossing tim and ti.1)m. The frequencies fm, to which the calculated phase
velocities com correspond, are calculated for the duration of half the period between
two adjacent zero-crossing pointsmand m+ 1

_ 1
2[ti(m+1) — tim] .

(5.4)

m

Each segment of the dispersion curve is uniquely defined by a set of phase
velocity and frequency pairs D (fm, com). Analysis of the calculated propagation
characteristics of Lamb wave packets showed that the proposed measurement
method has one main limitation. The phase velocity dispersion curves are
reconstructed only in a relatively limited bandwidth around the central frequency
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of the signal. Consequently, information on a part of the frequency spectra of the
signal was lost. To solve this limitation and reconstruct the phase velocity dispersion
curves of guided waves in the widest possible frequency ranges, it was proposed to
use the spectral decomposition method.

According to Fourier theory, any signal s (t) can be expanded into
trigonometric functions as follows

S(jo)= Js(t)exp(— jot)dt = S(w)exp[- jo(@)]. (5.5)
where
wis the angular frequency;
j=+v-1;

S(w) is the amplitude frequency response;
¢ (o) is the phase frequency response.

——1

-r-2

0,6 0,8
f, 108 Hz

Figure 5.2. Frequency spectrum of Lamb wave signal: 1 —signal; 2 - filter B.
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It can be stated that the frequency response of the signal corresponding to the
Lamb wave packets is the result of such a decomposition. The modulus of the
complex spectrum represents the amplitudes of the various frequency
components. The signal spectrum corresponds to the interval in which the
dominant frequency components are concentrated in the frequency band around
the maximum of the spectrum. These features are the reason that without filtering
the phase velocity dispersion curve will be reconstructed in a narrow frequency
band around the central frequency. Therefore, a necessary condition for increasing
the sensitivity of the signal processing method to frequency components with small
amplitudes is the procedure of filtering the frequency components that correspond
to higher amplitudes (see Fig. 5.2).

The zero-crossing algorithm assumes the possibility of decomposing the
measured signals ui(t) at different distances into a set of signals with a limited
bandwidth ui(t). Such a procedure becomes possible provided that the signals ui(t)
are filtered using bandpass filters with a narrower bandwidth than the bandwidth
of the incident spectrum.

At the next step for each filtered signal uik(t) the delay times timk and t(i+1)mk are
estimated. In this way, the phase velocities comk and frequencies fmk are calculated.
Then, the obtained sets (fmk. Comk) can be represented as segments of the phase
velocity dispersion curve.

Each section of the dispersion curve obtained using one of the filters can be
reconstructed in a relatively narrow passband. In addition, scanning the filter's
central frequency in wide frequency ranges will allow covering a large part of the
falling spectrum.

The frequency spectrum of two adjacent signals can be represented as

Ui (f)=FT[u;(t)]. (5.6)
Ui+l(f ): FT [ui+1(t)]' (5.7)

where
ui(t) is the signal measured at distance xi(t);
ui+1(t) is the signal measured at distance xi.1(t);
FT is the Fourier transform.
Adjacent bands of the frequency spectra are filtered by k Gaussian bandpass
filters with predetermined parameters

Uy (f)=U;(f)-B.(f). (5.8)

U(i|+1)k(f):Ui+l(f)'Bk(f)' (5.9)
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where the frequency response of k-th bandpass filter is
B (f)=exp{in(05)- AB2-[f — f, —(k-1)df P|. k=12..K.  (5.10)
where
fiis the left frequency filter edge;
fu is the central part of frequency filter edge;

AB is the filter bandwidth;
the frequency domain df is

df =%. (5.11)

The signal reconstruction using the Fourier transform has the following form

Uy (£) = FT Uy (). (5.12)

Ugvsayk (t)= FT_l[U(i+1)k(f)]' (5.13)

At the next stage of the numerical method. the phase velocity can be
estimated according to the following relation

Xi1 — X

C (5.14)

pmk — .
Liyme = timk

Using the data on the duration of the half-periods of the first signal, it is
possible to estimate the equivalent frequencies to which the calculated values of
the phase velocity should be assigned

0.5
fimk = . (5.15)

Gim+nk — timk

Comparison of the results obtained using the proposed hybrid method and the
previous version of the reference zero-crossing method showed that the zero-
crossing method recovers the phase velocity dispersion curve in the frequency
range of 286—319 kHz. This bandwidth is only 8% of the original signal bandwidth.

Meanwhile, the proposed spectrum decomposition approach allows us to
recover the phase velocity dispersion curve in a significantly wider frequency range.
This range covers almost the entire bandwidth of the incident Lamb wavelet signal.
t should be noted that the frequency ranges in which the dispersion curve is
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reconstructed depend significantly on the bandwidth of the filters used in the
spectrum decomposition approach.

For example, for the 120 kHz filter, 70% coverage of the incident signal
bandwidth was achieved. Finally, the best results were achieved with the narrowest
filter (40 kHz bandwidth). For this narrowed filter, the reconstructed dispersion
curve covers 90% of the original bandwidth.

In summary, it can be argued that narrow filters are more efficient, but this
leads to a large number of filters, which generates more computational resources
and longer processing times.

Typical B-scan results for the propagation of the A0 Lamb wave mode in a
2 mm thick laminated composite sample are presented in Table 5.1. The dispersion
curve data for the relative amplitude are divided into three ranges: A-band (0 - 150
kHz). B-band (150-300 kHz) and C-band (300-500 kHz).

Table 5.1. Dispersion dependences for AO mode of the Lamb wave.

A-band B-band C-band
f, kHz A’ F, kHz A’ F, kHz A’
15.9304 0.0152 157.2193 0.5169 304.7936 0.5203
25.3012 0.0338 158.1551 0.4882 311.3182 0.5458
34.6720 0.1083 162.8342 0.5017 318.7750 0.5085
41.2316 0.2183 170.3209 0.4595 322.5033 0.5864
47.7912 0.2470 176.8717 0.5456 328.0959 0.6661
58.0991 0.2369 185.2941 0.5253 327.1638 0.7322
62.7845 0.3063 187.1658 0.6284 333.6884 0.6898
61.8474 0.4856 195.5882 0.7128 341.1451 0.7254
69.3440 0.6125 199.3316 0.7010 343.9414 0.6644
74.0295 0.4399 199.3316 0.7517 347.6698 0.5458
78.7149 0.3012 203.0749 0.7973 356.9907 0.5746
85.2744 0.4467 209.6257 0.7720 361.6511 0.6085
87.1486 0.5330 213.3690 0.7483 364.4474 0.5339
89.9598 0.6261 213.3690 0.8142 363.5153 0.4864
96.5194 0.5753 217.1123 0.8953 362.5832 0.3814
104.0161 0.7547 218.9840 0.9865 366.3116 0.2712
111.5127 0.5381 233.0214 0.8666 377.4967 0.1780
113.3869 0.6819 237.7005 0.6791 387.7497 0.1051
115.2610 0.7902 246.1230 0.7500 399.8668 0.1322
122.7577 0.9306 248.9305 0.8497 411.9840 0.1797
126.5060 0.8190 254.5455 0.9662 424.1012 0.1102
136.8139 0.7580 263.9037 0.9578 430.6258 0.0678
143.3735 0.7733 266.7112 0.8868 441.8109 0.1186
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The measurement results using different sets of the filters (where P is the
number of filters) are obtained and compared with the dispersion curve of zero-
crossing method (ZCM) for AO mode of the Lamb wave (f € 0+ 500 kHz). The results
for phase velocity ¢, (measured in m/s) are presented in Table 5.2.

Table 5.2. Dispersion curves for different methods.

P=4 P=12 ZCM

f, kHz Cp, M/s f, kHz Cp, M/s f, kHz Cp, M/s
76.923 1207.41 59.64 1047.13 65.22 1047.20
88.942 1304.38 78.31 1183.57 76.09 1114.29
102.163 1393.27 104.22 1332.40 88.77 1186.34
123.798 1522.56 123.49 1429.15 99.03 1258.39
142.428 1608.75 135.54 1483.72 109.90 1340.37
156.851 1654.55 149.40 1548.22 122.58 1370.19
164.063 1724.58 175.30 1652.40 140.10 1459.63
177.885 1746.13 204.82 1759.07 152.78 1504.35
183.894 1805.39 224.10 1791.32 174.52 1603.73
197.716 1837.71 246.39 1890.54 191.43 1638.51
212.740 1905.05 268.67 1930.23 210.14 1740.37
228.966 1937.37 295.18 1997.21 230.68 1780.12
234.375 1983.16 310.84 2017.05 254.23 1852.17
253.005 2020.88 322.89 2051.78 269.93 1899.38
265.625 2090.91 339.76 2074.11 289.25 1926.71
284.856 2115.15 355.42 2126.20 300.12 1968.94
302.885 2150.17 384.94 2163.41 322.46 1996.27
316.707 2198.65 396.39 2190.70 346.01 2055.90
332.933 2195.96 413.25 2203.10 375.00 2088.20
345.553 2263.30 419.28 2230.39 402.17 2147.83
362.380 2268.69 431.33 2230.39 423.31 2165.22
385.216 2325.25 439.76 2250.23 434.18 2190.06
405.649 2338.72 450.60 2255.19 445.05 2197.52
426.082 2389.90 463.25 2292.40 469.20 2222.36
449.519 2419.53 481.33 2299.84 486.11 1249.69

A comparison of the results presented in Table 5.2 shows that the
experimental method using only four filters gives overestimated values of phase
velocity and, therefore, does not have sufficient accuracy for the engineering
practice of monitoring the propagation of Lamb wave packets in the volume of
laminar composites.
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The finite element method is also a promising tool for describing shear strain
kinetics and detecting mechanical damage. In particular, a dynamic finite element
code is used to calculate acoustic emission waveforms in isotropic and anisotropic
laminar composites. However, when using the finite element method,
computational problems often arise related to the interpretation of the obtained
results.

As an alternative, various semi-analytical methods have been recently
developed. The waveguide finite element method and the spectral finite element
method are two alternative modeling methods. Due to their numerical efficiency,
these methods have been successfully applied to composites of various structures.

The theoretical problem for a laminar composite plate is a homogeneous plate
consisting of a transversely isotropic material with an axis of symmetry
perpendicular to its surface. Representing the laminar composite as a honeycomb
sandwich panel allows us to reduce the problem to considering a three-layer
transversely isotropic plate consisting of a honeycomb core attached to composite
shells.

In this model, a single layer of a homogeneous isotropic elastic composite plate
is described by dispersion relations of the following type symmetric and
antisymmetric modes of Lamb waves

(Zk2 —kZ )2 cosh(r,H )sinh(7,H ) — 4k 17, sinh( H )cosh(,H )=0. (5.16)

Accordingly, for antisymmetric modes of Lamb waves, the equation can be
modified as follows

(Zk2 —kZ )2 sinh(r,H )cosh(7,H ) — 4k *y1, cosh(mp H )sinh(7,H) =0, (5.17)

where

2 2 _0) .
=Kk, K=, =12, (5.18)

J

k = ®/c is the angular wavenumber;

H is half the thickness of the composite sample;

c1 is the P-wave velocity for lamina composite material;
c2 is the S-wave velocity for lamina composite material.

The working fluid for the model calculation experiment was a laminar
composite consisting of 8 layers with the stacking sequence [0°/45°/0°/45°]s. The
composite plate is modeled as a homogeneous transversely isotropic material with
the xs-axis as the axis of symmetry.
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Young's modulus E2> can be determined from the results of a standard uniaxial
tensile test in the x; direction. In addition, a stress-strain curve is plotted from the
tensile test results. Poisson's ratio vi2 in the 1-2 plane is determined from the same
test by measuring the strains in both the x1 and x, directions. The shear modulus
G23 and the elastic constant Ess for the composite face sheet are determined from
the equations

623 20223/), (519)

_ PEy» L-vip )0121
E) (1 —Vi2 ) + 2,0‘/1230121

Ess (5.20)

where
v11 is the longitudinal wave velocity;
L23 is the shear wave velocity;

An analytical plane strain model can be considered without loss of generality
and this will be sufficient to determine the propagation characteristics of directed
waves. For the case of a transversely isotropic composite material, the model
problem can be divided into the motions of symmetric and antisymmetric modes of
Lamb wave packets. The propagation of symmetric modes is described by the
dispersion relation determined by the quantity H

sinh (kA,H )cosh (kA H)

sinh (kA,H )cosh (kA H)
» Cyf c? Caf C » Cyf c?
Al A; -1 —-1 B A < A | +AS+ L -1
_ C13\ G C33\ Ca4 Caa \ CJ
2 2 ’
Ciz3\ Cq C33\ Caq Caq \ Ci

and for the case of antisymmetric modes

(5.21)

cosh(kA H )sinh(kA,H)

cosh(kA,H )sinh(kA H )
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Al AZZ_CA i_l . %KCB+1]+A12+%- i_
Ci3 | cd C33 \ Caa Cas \ iy

- : : . (5.22)
Ci3 \ Cp. C33 \ Cas Cas \ C.
where
C11, C13, C33 and cas are the stiffness constants;
) 0.5 5
Alzﬂ:\/ A+ (A2 - 48] :i\/A (A 4B)’ 5.23)
K 2 2
) 0.5 5
A2:77—2=\/ A-(A? - 48) :i\/A+(A 4B)’ 5.2
K 2 2
2 2 2
A= Cz 4 02 _ (011033 —Ci3 — 2013(344)' (5.25)
CaL  Car C33Ca4
2 2
B:{CZ _Cllj.[cz —1) (5.26)
CaL  Cs3) \Car
c C C
kzg, C]_Zin, Cgl_:ﬁ, C??T :ﬂ (527)
c p p

The relationships for the compression constants are determined by Young's
moduli

= (1 —V32V23 )

Ciq = , (5.28)
H (1 TV )(1 —Vio — 2V32023)
5= Eg(l-vip) (5.29)
(1— Vip — 2V32023)
Cpp = Ey1 (Vi +vaavas) (5.30)

(1 TV )(1 —Vio — 2‘/32023) ’
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_ Es3vas (5.31)

Can =Ggy. (5.32)

At the next stage, it makes sense to apply an alternative approach to the
numerical Fourier transform. The motion of Lamb waves in a rectangular laminated
composite sample can be modeled by the propagation of Lamb wave packets along
waveguides whose geometric dimensions are related to the dimensions of the
laminar composite sample.

In particular, the finite element method of a waveguide helps to determine the
phase and group velocities of propagating waves in arbitrary waveguides.

For this method, only one segment s of a waveguide with thickness Dx1 needs to be
meshed in the finite element modeling process. The dynamics of this waveguide
segment are described by the equations of motion

MUi+Cu+Ku=f, (5.33)

where
M is the mass of composite sample;
Cis the damping coefficient;
K is the stiffness matrix;
u is the displacement;
fis the external force.
The Lamb wave mode dynamic behavior can be expressed as

D D u f
{ L LRH L}:|: Lj|’ (5.34)
Dre Dgrr LUr fr
where the stiffness matrix has the form
D=-w?M —iwC +K, (5.35)
where o is the angular frequency.
A set of experiments on compression and shear of volume elements of laminar

composites showed that for such experiments it is possible to use the conditions of
equilibrium and continuity. In this case, equation (5.34) can be rewritten in the form

1 -1 -1
{UF }:{ —DrDL Dir }{UE} (5.36)
1 -1 -1 : :
for — Dg_ + DrrDrDL  — DgrDir f°
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Table 5.3. Phase velocity dispersion in reinforced composite.

£, 10% kHz Ly, 10° m/s
51 Al 50 AO Ale
613.833 9.791 9.665 4.538 2.431 9.895
618.156 9.623 9.497 4.496 2.431 9.519
623.919 9.393 9.245 4.475 2.431 9.351
635.447 8.975 9.099 4.433 2.452 9.079
646.974 8.703 8.826 4.370 2.452 8.870
652.738 8.473 8.512 4.307 2.473 8.515
659.942 8.285 8.281 4.244 2.473 8.347
667.147 8.180 8.260 4.118 2.473 8.075
675.793 8.013 8.008 4.013 2.516 8.075
687.320 7.824 7.841 3.929 2.452 7.866
694.524 7.657 7.736 3.782 2.452 7.782
704.611 7.594 7.568 3.676 2.495 7.552
713.256 7.448 7.484 3.592 2.516 7.510
717.579 7.322 7.233 3.571 2.516 7.280
724.784 7.280 7.128 3.508 2.516 7.259
736.311 7.176 6.960 3.508 2.473 7.008
744.957 7.071 6.834 3.466 2.452 7.008
753.602 6.946 6.646 3.403 2.473 6.820
763.689 6.841 6.478 3.403 2.495 6.862
768.012 6.778 6.331 3.277 2.516 6.548
785.303 6.653 6.122 3.214 2.537 6.402
806.916 6.485 5.996 3.214 2.537 6.130
829.971 6.318 5.912 3.151 2.516 6.172
854.467 6.130 5.870 3.130 2.516 5.941
870.317 5.983 5.828 3.088 2.559 6.025
880.403 5.921 5.681 3.025 2.580 5.607
894.813 5.879 5.639 3.004 2.580 5.795
912.104 5.816 5.577 3.004 2.537 5.397
929.395 5.669 5.514 2.983 2.537 5.586
963.977 5.586 5.346 2.962 2.559 5.230
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Table 5.4. Group velocity dispersion in reinforced composite.

£, 10° kHz Vg, 10° m/s
51 Al 50 A0 Ale
612.466 0.341 0.382 5.344 1.452 0.500
613.821 0.434 0.526 5.344 1.690 0.714
619.241 0.517 0.729 5.330 1.893 0.976
621.951 0.646 0.932 5.344 2.179 1.119
624.661 0.787 1.100 5.317 2.429 1.500
628.726 0.869 1.303 5.304 2.619 1.655
631.436 0.975 1.422 5.278 2.774 1.905
635.501 1.068 1.590 5.212 2.869 2.107
639.566 1.186 1.757 5.160 2.976 2.369
643.631 1.292 1.900 5.028 3.048 2.393
647.696 1.386 2.044 4.976 3.083 2.524
653.117 1.503 2.211 4.884 3.131 2.810
663.957 1.644 2.319 4.805 3.143 3.071
672.087 1.761 2.594 4.700 3.119 3.250
680.217 1.996 2.892 4.582 3.143 3.429
692.412 2.219 3.060 4.477 3.167 3.298
701.897 2.360 3.191 4.372 3.131 3.595
718.157 2.571 3.323 4.083 3.119 3.488
733.062 2.748 3.466 3.584 3.107 3.702
752.033 2.924 3.562 3.098 3.107 3.619
776.423 3.088 3.633 2.652 3.107 3.714
796.748 3.194 3.705 2.376 3.083 3.655
807.588 3.229 3.705 1.877 3.095 3.750
830.623 3.311 3.717 1.641 3.060 3.655
857.724 3.382 3.717 1.352 3.048 3.714
878.049 3.393 3.717 1.352 3.048 3.619
902.439 3.393 3.717 1.457 3.048 3.738
918.699 3.429 3.693 1.615 3.048 3.560
944.444 3.440 3.681 1.759 3.060 3.655
966.125 3.440 3.645 1.864 3.048 3.536
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Table 5.5. Phase velocity dispersion in laminated composite.

£, 10° kHz Uy, 10° m/s
51 Al 50 A0 Ale
762.829 9.920 9.361 5.360 0.656 9.800
761.442 9.760 9.162 5.380 0.775 9.479
766.990 9.521 9.042 5.400 0.994 9.158
766.990 9.341 8.962 5.320 1.034 9.018
765.603 9.182 8.723 5.320 1.093 8.477
769.764 9.042 8.543 5.340 1.133 8.056
769.764 8.882 8.423 5.300 1.173 7.856
773.925 8.463 8.283 5.160 1.272 7.575
773.925 8.244 8.104 5.120 1.252 7.695
773.925 8.104 7.904 4.960 1.233 7.475
775.312 8.024 7.705 4.840 1.272 7.375
778.086 7.844 7.525 4.780 1.332 6.914
782.247 7.645 7.365 4.660 1.372 6.774
789.182 7.465 7.265 4.440 1.352 6.573
800.277 7.086 7.066 4.220 1.332 6.754
800.277 6.946 6.966 4.020 1.372 6.633
807.212 6.826 6.826 3.780 1.392 6.573
815.534 6.587 6.647 3.620 1.412 6.212
829.404 6.367 6.527 3.320 1.392 6.112
840.499 6.168 6.467 3.100 1.412 6.032
851.595 6.028 6.387 2.940 1.471 6.032
864.078 5.968 6.287 2.700 1.491 6.012
883.495 5.888 6.188 2.520 1.491 6.172
901.526 5.828 6.068 2.380 1.511 6.152
914.008 5.788 6.068 2.240 1.491 5.932
925.104 5.729 5.988 2.160 1.471 6.092
936.200 5.729 5.968 2.060 1.491 5.892
950.069 5.709 5.868 2.040 1.531 5.952
962.552 5.709 5.868 2.000 1.511 6.072
975.035 5.709 5.868 1.980 1.511 6.032
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Table 5.6. Group velocity dispersion in laminated composite.

£, 10° kHz Vg, 10° m/s

S1 Al SO AO Ale
798.540 0.377 0.696 5.774 1.040 0.532
802.920 0.616 0.987 5.774 1.190 0.709
805.839 0.780 1.190 5.774 1.290 0.899
810.219 1.057 1.506 5.774 1.466 1.253
811.679 1.208 1.709 5.736 1.503 1.430
818.978 1.497 1.924 5.762 1.553 1.709
823.358 1.723 2.101 5.749 1.578 1.937
826.277 1.887 2.278 5.762 1.603 2.127
832.117 2.101 2.430 5.762 1.528 2.506
839.416 2.340 2.595 5.736 1.566 2.734
843.796 2.541 2.696 5.661 1.578 2.975
843.796 2.704 2.949 5.686 1.541 3.025
851.095 2.881 3.127 5.649 1.516 3.228
854.015 3.107 3.544 5.573 1.516 3.367
862.774 3.245 3.646 5.485 1.541 3.671
870.073 3.509 3.848 5.297 1.441 4.038
872.993 3.673 4.089 5.146 1.466 4.038
880.292 3.849 4.253 4.858 1.466 4.127
886.131 3.962 4.380 4.506 1.453 4.418
889.051 4.075 4.456 4.079 1.466 4.354
897.810 4.151 4.582 3.715 1.466 4.582
903.650 4.289 4.620 3.402 1.466 4.759
909.489 4.390 4.684 2.862 1.466 4.899
913.869 4.478 4.759 2.209 1.478 4.987
925.547 4.642 4.772 1.757 1.453 4.823
928.467 4.730 4.797 1.067 1.415 4.797
941.606 4.818 4.835 0.590 1.441 5.051
950.365 4.918 4.861 0.577 1.403 4.899
960.584 5.006 4911 0.715 1.415 5.076
981.022 5.157 4911 0.879 1.390 4.962

The wavenumber can be determined from the equation
k=——"Ln(2), (5.37)

AX
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where the waveguide segment is
A =exp(ikAx, ), (5.38)

Ln()) is the natural complex logarithm.

The results of calculations (and experiment — index “e”) of phase and group
velocities for reinforced and laminated composites are presented in Tables 5.3 - 5.6.

Analytical models for the finite element study of the scattering characteristics
of the fundamental antisymmetric (AO) Lamb wave on delaminations in a quasi-
isotropic composite laminate are implemented using the Mindlin plate theory and
the Born approximation. The methodology is used to predict the scattering of the
A0 Lamb wave on a delamination, which is modeled as an inhomogeneity, in an
equivalent isotropic model of the composite laminate.

The literature presents the results of studies on the scattering characteristics
of Lamb AO waves on circular through-holes in composite laminates with different
stacking sequences. It should be noted that the scattering patterns were found to
be quite different for composite laminates that have the same number of lamellas
but different stacking sequences.

However, the experimental verification has focused only on a limited number
of ratios of defect diameter to incident wavelength (denoted by R). Therefore, it is
of interest to conduct a comprehensive verification of the finite element model for
a wide range of R values. In addition, the experimental results showed that the
Lamb AO wave has an increased sensitivity to small defects compared to the Lamb
S0 and SHO waves at the same excitation frequency.

The standard laminar composite flaw detection technique includes a model
delamination object in the form of a discontinuity with reduced bending stiffness in
the delamination region. The reduction in bending stiffness in the delamination
region can be explained by the separation of the laminate in this region into upper
and lower sublayers, in which the waveguide is divided into two separate
subwaveguides. The presence of a discontinuity can cause both reflected and
transmitted waves from the delamination. However, in composite laminates, the
scattering of Lamb waves at delaminations is a rather complex phenomenon. In this
regard, it is necessary to evaluate the accuracy of the equivalent isotropic model in
predicting the scattering characteristics of the Lamb AO wave at delaminations in
composite laminates.

The method involves the analysis of the characteristics of scattered Lamb
waves A0, which were obtained from a limited number of monitoring points by
calculating the difference between the signal from the undamaged panel and the
signal from the damaged panel.

At the next stage, the difference in the maximum absolute amplitude of the
scattered Lamb waves AO is estimated. Then, the procedure of normalization of all
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scattered Lamb waves A0 by the maximum absolute amplitude of the incident wave
in the center of the defect zone for a given laminate layer is performed. The
wavelength in the numerical integration method accounted for at least 20 - 30
nodes of the computational grid, which is sufficient for accurate prediction of the
propagation and scattering of the Lamb wave A0 on defects in composite laminates.

The Born approximation is also applicable to defects with complex shapes. In
addition, the Born approximation was used to approximate the scattered Lamb
wave amplitude AO and compared with analytical and experimentally verified
predictions of numerical integration using the finite element method. The plate
properties of the inhomogeneity region can be expressed in terms of the properties
corresponding to the region outside the inhomogeneity

D*=D(1+6,), (5.39)
k°Gh* = k*Gh(1+ 6, ), (5.40)
pl*=pl(1+6;), (5.41)
ph* = ph(l+36,), (5.42)

where
D=f(E I, v);
E is the Young’s modulus;
| is the moment of inertia;
v is the Poisson’s ratio;
k = 1(12) % is the shear correction factor;
G is the shear modulus;
pis the density;
h is the sample thickness;
01 - 04 are the defect factors.
For a fixed signal frequency o, the scattered Lamb wave AQO, according to the
Born approximation, can be expressed using the following relation

We = [0 g, 5 + S0~ v/l J+ 8307 01y Jo, +

+52KZGh(VV0it _l//(iz)g?)&a +54Ph602933}d§d77, (5.43)

where
a,fB=1,2;
&, n represents point coordinates within fixed region;
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Iis the plate strain;
g ixare the Green’s functions:

OH(kyr')
Om =7 op

where Ho is the Huncel function;

i
4D(k? - k2) '

7/:

= |x—gP +(y-nP]",

X, (1=3,m=1)
p=<Yy,(1=3,m=2).
z, (1=3m=3)

The scattered Lamb wave can be represented by

2 }0-5 exp{i (klr _%ﬂ _T(g)i5n P.(6),

7T Ky r —~

Ws(r,é?):{

R(0)= —7/11k12D(cos2 0 +vsin® 9),

P,(0)=- k°Ghl1-2 ) cosé,

P,(0)= Yy plw® coso,

_ ypho’
P4(0)= P

Jl[kla(z —2c0s 9)0'5] |

T(0)=27ka
) 7 (2-2c0s0)°

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)
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An analytical model of Lamb AO wave scattering by through-hole defects is
used to verify the numerical accuracy of the finite element modeling performed in
this study. The verification was performed for a limited number of R values.

The calculation model analyzes the range of R values and compares them with
the analytical results. The normalization procedure is performed using the
maximum absolute amplitude of the incident wave in the center of the defect zone
in the intact laminated composite sample. The forward and backward scattered
Lamb waves AO have similar amplitudes. However, the forward scattered waves
tend to have a larger amplitude with increasing R.

In addition, the dynamics of the normalized amplitudes of the forward and
backscattered Lamb waves AO for a range of R values is analyzed. The forward and
backscattered amplitudes increase with a similar slope and magnitude for R less
than 0.45, after which the backscattered amplitudes increase at a lower rate and
with small variations.

The entire set of obtained analytical, approximate results for finite elements
for scattering of Lamb waves AO on delaminations was compared with the results
predicted by the equivalent isotropic model, which is an approximation to the
composite laminate [45/45/0/90]s. The purpose of such a comparison is to analyze
the suitability of the representation of delamination by inhomogeneity in the
analytical model and the Born approximation.

It was shown that the AO phase and group velocity are not sensitive to the fiber
orientation in the composite laminate. Very good agreement was obtained in all
three sets of results at different wave numbers for Lamb waves, thus confirming the
approximation of the phase and group velocity in the composite laminate at low
frequencies by an equivalent isotropic model. Analysis of the calculated results
indicates that the Born approximation underestimates the forward scattering
amplitudes of the Lamb wave, but it predicts the forward scattering amplitude
trend well.

It is found that the backscatter amplitudes oscillate faster with R than the
forward scatter amplitudes. The analytical, approximated backscatter amplitude
results and the results of numerical integration using the finite element method
have different oscillation patterns. The analytical results have the form of a
sinusoidal function increasing with the incident wave amplitude. The approximated
results oscillate between zero and maximum values and have an increasing
behavior of a sinusoidal function.

It should be pointed out that the general trends of all three sets of results
increase with the numerical value of R. Comparing the predictions of the forward
and backscattering amplitudes, it can be stated that the inhomogeneity model
represents the delamination in the forward scattering amplitudes well. However,
for the backscattering amplitudes, there is a significant discrepancy in the
amplitudes. A similar phenomenon has also been shown in the defect localization
experiments in laminar composites for delaminations in composite beams.
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A possible reason for the discrepancy between the analytical results and the
results of numerical integration using the finite difference method is that the
analytical model does not take into account multiple internal reflections in the
delamination region. The discrepancy between the analytical results and the results
of integration using the finite element method increases for R greater than 0.3. The
reason for such an increase in discrepancies is that the effect of multiple reflections
in the delamination region becomes sharper.

The functional dependences of the normalized amplitude A, on the value of R
for different scattering angles of the Lamb wave are shown in Figs. 5.3 - 5.8. The
curves of the graphs correspond to different models: AM (analytical model), AP
(approximation model), FE (equivalent model calculated using the finite element
method), Ql (quasi-isotropic laminate model).

1
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Figure 5.3. Dependence An = A (R) for scattering angle 6 = 0°.

In the quasi-isotropic laminated composite model, the deformation object is
more conveniently represented as an elongated fiber located at a fixed angle to the
surface of an individual layer. The orientation of each fiber affects the low-
frequency Lamb wave. Analytical modeling and the Born approximation are used to
calculate the scattered wave amplitudes in the equivalent isotropic model.
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Figure 5.4. Dependence An = An (R) for scattering angle 0 = 20°.
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Figure 5.5. Dependence An = An (R) for scattering angle 0 = 40°.
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Figure 5.6. Dependence An = An (R) for scattering angle 6 = 180°.
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Figure 5.7. Dependence A, = An (R) for scattering angle 0 = 200°.
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Figure 5.8. Dependence A, = An (R) for scattering angle 0 = 220°.

Finite element modeling, in which each layer of the laminated composite is
represented as a layer of solid elements with orientation in accordance with the
fiber direction, is considered as the reference basic procedure. The agreement
between analytical, approximate and finite element results is not very good.
Satisfactory results in these models are observed for the case of a quasi-isotropic
composite.
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CHAPTER 6

STRUCTURAL HEALTH MONITORING TECHNIQUES

Non-destructive and continuous monitoring of structures can be defined as
structural health monitoring. Such structures can be structures containing or
entirely composed of composite material elements. Structural health monitoring
can detect and control developing defects within their volume. A set of
experimental studies conducted in recent years has shown that guided wave
technology is an effective method for structural health monitoring. This is due to
the high sensitivity of this technique and its versatility.

A guided wave can be generated by piezoelectric transducers on the composite
structure under investigation. Such guided waves are sensitive to small-scale
damage and can propagate over long distances. One such type of guided wave is
the Lamb wave. The Lamb wave propagates due to the motion of particles between
two surfaces in a thin plate-like medium of a laminar composite.

Using Lamb wave-based structure monitoring systems, there is no need to scan
the entire object under investigation, and all data can be obtained from a single
probe position. While defect detection and localization in simple thin-walled
composite laminates has been widely studied, studies on the inspection of complex
composite assemblies using Lamb wave-based systems lack sensitivity to defect
localization in the composite volume.

The results of the composite structure monitoring experiments indicate that
the structural integrity of composite joints is significantly dependent on the
conditions and service life of the system as a whole. The connections of different
elements in the structure can lead to abrupt failure with little advance warning.
Therefore, it is necessary to develop structure monitoring methods that focus on
continuous monitoring of composite joints. Recently, guided wave technology has
been successfully applied to detect damage not only in mechanically fastened
joints, but also in adhesive joints.

The numerical analysis of scattered Lamb waves can be used to evaluate the
integrity of the composite joint. Ultrasonic guided waves are a good experimental
tool for investigating the adhesive bonds between composite laminates. The study
of the transient dynamics and wave propagation characteristics of adhesive
composite joints is most effective using the wavelet spectral finite element model.
Defect detection in composite joint types such as T-joint and L-joint can also be
effectively performed using guided Lamb waves.

However, Lamb wave-based structure monitoring technologies for damage
monitoring in composite local mechanical joints are not well developed. It is of
interest to investigate composite local joints based on the Lamb wave propagation
phenomenon. In particular, it is reasonable to consider two different types of local
joints in a composite structure, differing in the length-to-width ratio of the joint.



500
On 450
400
350
300
250
200
150

100

50

120
100
80
60
40

20

122

Figure 6.2. Stress-strain curves: ts/3 — |+45° tensile; ts/4 — |-45° tensile.
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Figure 6.1. Stress-strain curves: ts/1 — 0° tensile; ts/2 — 90° tensile.
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Figure 6.4. Stress-strain curves: ts/7 — | +45° compression; ts/8 — | -45° compression.
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Figure 6.5. Stress-strain curve, three-point bending test.
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Figure 6.6. Fixed mode A fracture toughness test.
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Figure 6.7. Fixed mode B fracture toughness test.
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Figure 6.8. Fixed mode C fracture toughness test.
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Mechanical effects on the surface of the composite sample naturally lead to a
change in the deformation field and, accordingly, to a change in the characteristics
of the Lamb waves scattered by defects. The propagation behavior of Lamb waves
in joints, especially in the region of high mechanical local joint concentrations, was
analyzed using three-dimensional finite element modeling. The numerical values of
the parameters in the modeling were specified using the available results of the
baseline experiments.

The results of numerical calculations were accumulated in the average stress-
strain and load-displacement curves of the composite laminates for different types
of mechanical loading. The stress-strain and compression curves (cn- €n) along 90°,
0° and +45° fibers of the laminar composites are presented in Figs. 6.1 - 6.4. Figure
6.5 is the curve of the three-point bending test, and Figs. 6.5 - 6.8 are the normalized
(index “n” in curves) load-displacement curves (Pn - 6n) obtained in multimode tests.

Modes A, B and C in Fig. 6.6 - 6.8 are characterized by the following regimes:
the origin of localized deformations in the form of cracks (mode A); the
development of multiple cracks to their maximum geometric dimensions (mode B);
the initial stage of the composite sample delamination caused by a set of developed
cracks (mode C).

One of the quite effective methods for numerical modeling of the propagation
of guided Lamb waves in composite laminates of arbitrary layup and cross-sectional
geometry is the semi-analytical finite element method. It should be noted that the
traditional finite element method in application to laminated composites is
computationally expensive and may lead to numerical failure, especially in the case
of short wavelengths.

The semi-analytical finite element method uses a finite element two-
dimensional discretization of the cross-sectional area. The basic assumption in this
model is that the displacements along the direction of propagation of the wave
packet are assumed to have the form of a harmonic wave and are plane-polarized.
Moreover, the typical planar geometry of laminates allows for further simplification
in terms of one-dimensional modeling.

The calculation procedure considers the cross-sectional domain Q of the
laminated composite specimen, which is represented by a finite element system
with domain Q..

u(x,y,2,t)] Tuy(y,z)
u(x,y,z,t)=|u,(x,y,z,t)| = u,(y, z) |exp[i(£ x - wt)], (6.1)
u(x,y,2,t)] |u,(y,2)

where o is the angular temporal frequency.
The field of local displacements anisotropically located along the volume of the
laminated composite is assumed to be harmonic along the x-propagation direction.
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The characteristics of the displacement locations are described by spatial functions
that are used to describe its amplitude in the y-z cross-sectional plane (6.1).

When using one-dimensional elements, a separate procedure was adopted for
discretizing Q. The discretized version of the displacement expressions over the
element domain can be written in terms of shape functions, Nk (y, z), and unknown
nodal displacements, (Ux, Uy, Uz ) in the x, y, and z directions:

M:

NS (y, Z)Ux,

j=1
n
(%, y,2,t)=| D N;(y,2Uy; |explié x - wt]= N(y, 2)g° expli& x - wt], (6.2)
=1
Jn
D NGy, Z)Uz,
=1
where
N; N, ) N,
N(y,z)= N, N, N, (6.3)
qe:[leluyliuzl’UXZ’Uy2’U22’ an’UynfUzn!]' (6.4)

n is the number of nodes per element.
Nodal displacements can be considered as arguments of some
deformation vector

ge:{an—éx+ Ly%+ L, %}N(y, 2)q° expli(k x — ot)] =
= (B, +ikB, )q® expli(k x — wt)], (6.5)
where
B, =L/N,+L,N,, (6.6)

B,=L,N. (6.7)
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At the next stage, the technique requires writing down the discrete form of
the formulation of Hamilton's equation (denoting by the symbol ne the total
number of elements of the cross section)

t,

- sle®T IC.etdv, + | 5(ufT Jp uitdv, |tdt =0, (6.8)
U Joe etav,« o)

t, [e=1|V, Y,

e

where
Ce is the complex stiffness matrix;
pe is the density.
Algebraic transformations of equations (6.5) and (6.8) lead to the following
relations

[T Je.etav, =
V,

e

j 5{qu (BlT —ikBJ ) [ei(k X-a’t)]T}ce(B1 +ikB, )ge! *~*dxdQ =
Q. X

e

= [ 510" (8] - k8] Jjc.(B, + ikB;)qtde, =
Q

e

=& J-[BICeBl—ikBgTCeBl+ikBlTCeBz +K?B]C,B,J0L",  (69)

e
where " = —i.

This numerical methodology assumes that the element stiffness matrix can be
calculated by integrating only over the cross-sectional area Q., since integration
over x reduces to a unit factor due to the complex conjugate terms exp [+ i (kx — wt)].
For viscoelastic materials, the strain energy consists of a real and an imaginary
component. The real component of the strain energy describes the time-averaged
elastic energy in the cross-section. The imaginary component of the strain energy is
related to the time-averaged power dissipated by the cross-section.

The contribution of kinetic energy of mechanical displacement can be
expressed by the ratio
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I 5(UET )peu'edve = j ja(ueT )pel'jeddee =

V, Q. X

o j NT p,NdQ,q° . (6.10)
(@)

e

In this case, equation (6.8) takes the form

B ( ng
J’{aneT [kle+ikk§+k2k§_w2me]qe}dt:o’ (6.11)
tl e=1
where
ke = j B/C.B,dQ,, (6.12)
Qe
kS = j B/ c.B, - BIC,B, b, (6.13)
Qe
ke = j BJC,B,dQ, , (6.14)
Qe
m = INTpeNdQe . (6.15)
Q

e

Applying the standard finite element procedure to equation (6.11), we get

tf{auT[|<l+ikK2+|<2K3—a)zlvl]u}olt:o, (6.16)

Y

where U is the global vector of nodal displacement and

Ney Nel Mgl Ne
Ki=Jk's Ko=[Jks, Ky=[ ks, M =[m®. (6.17)
e=1 e=1 e=1 e=1



130

The homogeneous general wave equation has the form
Ky +ikK, + kK —0°M |, U =0, (6.18)

where M is the number of total degrees of freedom of the system.

The stiffness matrices K1 and K3 in the equation are symmetric. The matrix K2
is skew-symmetric and is related to the case where undamped motion is
considered. For damped motion, all matrices Ki are usually complex. The matrix M
is real symmetric and positive definite regardless of the type of motion (damped or
undamped).

The matrix K1 is related to the strain transformation matrix B1, which is related
to generalized plane strains. It should be noted that the matrix B1 describes the
generalized plane strain behavior or transverse buckling. The matrix K3 describes
the out-of-plane strain behavior since it depends on the matrix B2. The matrix K2
contains the matrices B1 and B2 and thus relates transverse buckling to out-of-
plane strains.

The diagonal matrix T of the M x M transformation is introduced to eliminate
the imaginary unit in the corresponding equations. The elements of T corresponding
to the displacement components uy and u, are equal to 1, while the corresponding
elements ux are equal to the imaginary unit:

T = . (6.19)

This matrix has the properties TT=T* and T*T =TT* = |, where | is the identity
matrix. In this case, the following relations are valid

TTKT=K;, T'KT=K,;, T'MT=M. (6.20)

The property of the matrix K2 is that it mixes the components ux with uy and
u;, but does not mix the components uy and u, with each other

TTK,T =—-iK,, (6.21)
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where K; is the symmetric matrix of undamped motion.
The final form of the special finite element eigenvalue method is

[K1+§K2+.§2K3—a)2M yU =0. (6.22)

Results in terms of multiple modes and dispersion properties can be obtained
in a numerically stable manner using the eigenvalue and eigenvector problem. Two
quadratic finite elements were used on a model example of a laminar composite
containing 18 plates. Each element has three degrees of freedom per node,
associated with mechanical displacements Uy, Uy, U..
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Figure 6.9. Dispesion curve ¢, = ¢p (f) for 0 = 0° direction.

Figures 6.9 - 6.12 show the dispersion curves for the phase velocities C, = Cp (f).
Considering the quasi-isotropic stacking and to quantify its anisotropy level, four
different Lamb wave propagation directions (0°, 30°, 60°, and 90° relative to the x-
coordinate of the laminate) were simulated. The basic assumption for the structure
monitoring model is quasi-isotropy throughout the volume of the laminated
composite.

The dispersion curve calculations revealed the presence of the so-called cutoff
frequency f., which outlines the extension of the non-dispersive region where only
three fundamental Lamb wave modes (SO, AO, and SHO) can exist. The velocity of
the Lamb wave packets is almost constant in this range, except for the A0 wave
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close to the origin). It should be noted that the anisotropy level of the laminate is
determined by the quasi-isotropic stacking sequence.
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Figure 6.11. Dispesion curve ¢, = ¢p (f) for 0 = 60°



133

10000
9000 # —— A0
--2---SHO
8000 + -o-Al

7000 i; %E' —o— S0
S ot S S S N T S : .
o B +++%;§i%

G m/s

o
4000 r——k =T =
B T S e S SR 3: =
3000 ‘—".L&:lt;r,
2000 s
1000 WH—H‘_HH‘
0
0 100 200 300 400 500 600 700 800

f, kHz

Figure 6.12. Dispesion curve ¢, = ¢p (f) for 0 = 90°

The characteristic value of the group velocity AO is superimposed on the
fluctuations. The amplitude values of the Lamb wave packets corresponding to the
coordinate located at the midpoint of the laminate volume were processed through
the Hilbert transform to extract the values of the group velocity Cg according to the
formula

Cq="", (6.23)

where Ax is the wave propagation path.

The calculated values of the wave number based on the reference value of the
circular frequency are the basis for determining the group velocity according to the
formula

_Odw  Aw

C.=— =——, 6.24
9 ok Ak (6.24)
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CHAPTER 7

COMPARISON OF SCHEMES FOR LAMB WAVE MODELLING

Active diagnostics of composite materials often involves the use of transient
Lamb waves for damage detection. This methodology involves preliminary analysis
of the complex Lamb wave characteristics of composite laminates. Numerical
studies of laminate damage characteristics such as delamination, matrix cracking,
etc. always require the use of ply-by-ply theories or finite element models. These
models have sufficient resolution in predicting local effects. However, they are
computationally expensive, especially for modeling the entire laminated structure.

Among the large number of analytical studies, two key approaches to the study
of global characteristics of Lamb wave propagation in composite laminates can be
distinguished. The first approach is associated with the 3D elasticity theory, which
is able to calculate exact solutions. The second technique is equivalent to the single-
layer theory. The theory of one fixed layer can provide only approximate solutions.

Exact solutions can be obtained by analyzing the dispersion characteristics of
Lamb waves in laminates. The dispersion results can be verified by the finite
element method followed by analyzing the directional characteristics of Lamb
waves in laminates. The complexity and computational cost of the 3D elasticity
theory strongly depends on the stacking sequence of layers (along the plane of
symmetry or not) and the number of layers of the laminated composite.

Approximate plate theory applied to laminated composite provides greater
efficiency than 3D elasticity theory, especially for laminates with complex stacking
sequences and a large number of layers. It should be noted that techniques of this
type are effective for solving large-scale problems, such as reconstructing unknown
stiffness coefficients in composites based on Lamb wave phase velocities.

A drawback of the first-order shear deformation theory, as well as of some
higher-order shear deformation theories, is the absence of stress-free boundary
conditions on the top and bottom surfaces of the panel. To overcome this
drawback, a complex scheme was developed for calculating shear correction
factors. The correction factors change their numerical values when the laminate
properties (ply stacking sequence, number of plies and ply properties, etc.) are
changed.

The standard method for determining the correction factors is to compare the
fixed cutoff frequencies from the approximate theories with those obtained from
the exact theory. The computational time required to implement this method for
the conventional single plate equivalent theories should include the time required
to calculate the exact solutions.

To avoid calculating complex shear correction factors, a correction is usually
made to the displacement field. This takes into account the disappearance of
transverse shear stresses at the top and bottom of a conventional laminate.
However, for the case where Lamb wave packets propagate in composite panels,
the stress-free state on the panel surfaces refers not only to the disappearance of
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transverse shear stresses, but also to the disappearance of normal stresses.
Therefore, modified third-order plate theories should consider transverse shear
strain and stress-free boundary conditions to effectively model Lamb waves in
composite laminates. Lamb wave packets can be roughly divided into two groups of
modes, which are generally represented by symmetric and antisymmetric modes in
accordance with the symmetric characteristics of the displacement distribution.

Introducing a rectangular Cartesian coordinate system, it can be stated that v,
vand w are the components of displacement in the x, y and z directions. In this case,
the u and v displacement components of the antisymmetric modes have the
property of being antisymmetric with respect to the z-axis. Due to this, the odd-
order terms with respect to z in u and v describe antisymmetric modes. The even-
order terms with respect to z in w also correspond to antisymmetric modes,
because w is symmetric with respect to the z-axis for the antisymmetric modes. The
even-order terms with respect to z in u and v together with the odd-order terms
with respect to z in w describe symmetric modes.

Taking into account the effects of rotational inertia and shear deformation, it
can be concluded that the displacement field defined in the base coordinate system
taking into account the effects has the following components

u=2ze,(xy,t), (7.1)
L= Zgoy(x, y,t), (7.2)
w=w,(X, y,t). (7.3)

It should be noted that the bias field generates three antisymmetric modes
and cannot be used to calculate any symmetric mode. A model example of a
pseudospectral element of a plate with 5 degrees of freedom for a modified
displacement field is described by the following relations

u=ug(x,y,t)+ze,(x y,t), (7.4)
v=vy(X y,t)+ 20, (X, y,1), (7.5)
W= W (X, y,t), (7.6)

where up and v are the displacement components of the mid-plane.
The analysis shows that there are three antisymmetric modes and two
symmetric modes in the displacement field of the laminated composite sample.
Splitting the characteristic matrix into two submatrices to solve the
antisymmetric modes and symmetric modes separately can be done for laminar
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composites. Meanwhile, there is no term describing the symmetric modes in the w
component, which means that the calculated two symmetric modes share a zero
displacement component w. Therefore, the displacement field may not be suitable
for predicting the symmetric modes.

The study of the motion of Lamb wave packets under tension of laminate
composites can be effectively performed using a quadratic displacement field

u=uy(x,y,t)+ze,(x, y,t)+ 2°p,(x, y,t), (7.7)
v=0p(X, Y, 1)+ 20, (X, y,t)+2%0, (X, V,1), (7.8)
W =W (X, y,t)+ 20, (X, y,t)+ 20, (X, y,t). (7.9)

For this case, the Lamb wave propagation can be attributed to three
antisymmetric modes and five symmetric modes. The third-order displacement
field allows one to describe up to six antisymmetric Lamb wave modes and five
symmetric Lamb wave modes

U=up(X, y,t)+ 2w, (x, v,t)+ 220, (x, y,t)+ 23 1, (X, . 1), (7.10)
v=vg(X, y,t)+ 2y, (%, y,0)+ 2%0, (X, y,t)+ 2° 1, (X, ¥, 1), (7.11)

w=w, (X, y,t)+ 2, (X, y,t)+ %0, (X, y,t). (7.12)

The procedure of equating the transverse components of the shear stress on
the upper and lower surfaces to zero allowed us to modify the third-order theory

index “t1” corresponds the top surface of the layer;
index “t2” corresponds the bottom surface of the layer.
As a result, the displacement field gets the form

2 1a¢z)
U=Uy+2Z -7 | —— |-
0 Px (2 Ox



3 8W0 16@2
—27|C| — o |t ) 7.14
|: 1( ox Px 3 o ( )

U—UO+Zgoy—22(1%j

2 oy
23{01[%+¢J+18%}, (7.15)

oy 3 oy
W=W,+2¢, + zzgoz, (7.16)

where
C1=4/(3h%);
h is the laminate thickness.

The model example will consist of a laminar composite with a constant
thickness h. The composite contains anisotropic plates that are ideally bonded
together. The origin of the global Cartesian coordinate system is located in the mid-
plane x-y, and the z-axis is perpendicular to the mid-plane. The two outer surfaces
of the laminate are at z =+ h/2. A packet of transient Lamb waves propagates in the
composite laminate in an arbitrary direction 06, which is defined relative to the
X-axis.

The fixed layer can be considered as a monoclinic material, having x-y as a
plane of symmetry. In this case, the stress-strain relationships of an individual plate
can be expressed in the following matrix form:

or] [Cu Cy Cy O 0 Culla
07 Ch Cy Cy O 0 Culle
O3 _ Ch Cy Cy O 0 Culles ’ (7.17)
oy 0 0 0 C;y C 0 [le&g
O 0 0 0 Cy Cy 0 ||&s
o) [Cuu Cn Cy 0 0 Cyjlse

where

subscript “1” denotes x;
subscript “2” denotes y;
subscript “3” denotes z;
subscript “4” denotes yz;
subscript “5” denotes xz;
subscript “6” denotes xy.
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The basic model assumes that the variables ¢x, Xxx, ¢y, Xy, ¥z and ¢, will be
defined with the boundary condition that the mechanical stresses 6., = 03, 0y; = 04
and ox; = 0s vanish at the top and bottom surfaces of the laminate panels.

In addition, the ratios 04 = 0 and os = 0 are equivalent to the corresponding
strains (&4 and &s) being zero at the surfaces. However, for the condition 03 = 0 at
the surfaces, the strain components (g1, €2, €3 and &5) are related to the stiffness
coefficients (Ci3, C23, C33 and Csg) for the two plates at the top and bottom surfaces
according to the characteristic equation. For parallel layers of laminar composite,
the boundary condition can be expressed in the form of displacement parameters
as

=0, (7.18)

(UZ +wz)zig :01 (719)

[Ql3ux +Q230y +Q33a)z + Q36 (Uy + Uy )] h = 0, (7.20)

7t—
2

where
Qus is the modified stiffness coefficient Ci3 of the two laminas on the top and the
bottom surfaces;
Q23 is the modified stiffness coefficient C23 of the two laminas on the top and the
bottom surfaces;
Qa3 is the modified stiffness coefficient Cs3 of the two laminas on the top and the
bottom surfaces;
Qze is the modified stiffness coefficient Css of the two laminas on the top and the
bottom surfaces.

The generalized form of Lamb wave packets in the model example is described
as follows

{u07l//x’@x’Zx’UO"//y’¢y7}(y’w0’l//z’¢)z} =
= {Ug, Wy, Dy, Xy Vo, By, By, Xy W, 7, D, |
<expli(kyx +kyy - ot )], (7.21)

where
o is the angular frequency;
k = [k, ky]" corresponds the direction of wave propagation in the x-y plane.
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A set of quantities of six variables ¢y, xx, dy, Xy, Wz and ¢, are functions of five
arguments. In this case, the displacement field is then described by a system of
equations

2
U=Uy+Zyy +1 (4Q13u0,xx +4Qseuo,xy)jL

4Q2300 xy N
Gl

+4Q3600 xx +
3 2

+Z (— 96Qs31y +12h"Quawy 4 +

+16h°QasWy uy + 4N Quatryyy +

+8h2Q361//y,xx + 6hQZ?,lr//y,xy -
~96Qs50 4 )/ Ay, (7.22)
V=Uyt+ Iy, + 22(4Q13u0,xy - 4Q36u0’yy)+

4Q2300, yy N
Cl]

+ 4Q3600,xy +
3 2

+23(-96Qugp, +1202Quap, , +

+16h2Q36'//y,xy + 4h2Q13‘//y.xx +

+ 8h2Q36’/’x,yy + 6th?,l//x,xy B

—96Qs30p )/ 8y, (7.23)
= @y —2(8Q3Ug  +6QgeUy y +9Qu300 x +

2
+ 8Q23UO,y)/ a +Z (4Q13600,xx +

+8Q56p 5y +4Q3,yy —
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- 8Q13Wx,x B 8Q36‘//X, y

—8Qua¥y.y —8Quewy )/ 3, (7.24)

where
a, = Q3h°k: +2Qgh %k, K, +
+Q23h2k§ +8Q33, (7.25)
a, =3Q3h*ks +6Qgsh*kk, +
+3Qun*k{ +72Q45h?, (7.26)
ag = Qu3h’K; +2Qgshk,k, +
+Qu3hky +24Qs5. (7.27)

The system of equations (7.22-7.27) defines the displacement field, which is
associated with the stiffness coefficients of the two plates on the upper and lower
surfaces and with the wave vector.

Hamilton's principle for virtual displacement can be used to derive the
equation of motion of a higher order theory, provided that there are linear relations
between deformation and displacement

(8U — 5T +6W )dt =0, (7.28)

O'—-.—|

where

U is the virtual strain energy;
T is the virtual kinetic energy;
W is the virtual work.

The Lamb wave packet modeling is performed under the condition that the
mechanical stresses are free on the surfaces of the composite sample. In this case,
the virtual work W is zero. Then the integral equation for the elasticity of the plate
is given by
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T +h/2

j J‘ .[(01581+(72582 +O-3583+O-4584+

0Q,-h/2
T +h/2

-[| [pucu+vs0+asw)dadt =0, (7.29)
0Qy,-h/2

The characteristic equation for the inertia of the plate and the resulting stress
per unit length is as follows:

N Zks1
1=> pk(l,z,22,23,24,25,26)dz, (7.30)
1 3,
N Zks1
(N/ M, PLS) =Y jai(l,z,zz,ZB)dz, (i=1..,6), (7.31)
k=L ;

where index “k” corresponds to the layer number in a composite laminate.
The matrix form of the equation of state of a laminate with arbitrary laying is
as follows:

N) [[Al [B] [D] [FI1](&°]
M D E F 1
| o1 F .
P [F1 [H]||e
S | S* [J]_ g3
The stress and moment resultant vectors are defined as
N={N, N, N N, Ng Ng}, (7.33)
M={M; M, M; M, Mg M, (7.34)
P={R, P, P, P, B PR, (7.35)

S=1{S, S, S;3 S, Sy Sgl . (7.36)
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The elements of the stiffness matrix and the moment of inertia are included in
the following relationship

(Aj,B-- D. E. F

i Dy, By, iy Hig, 35 )=

N
=> |C; (1, z,2%,2%,2%,7°, ZG)dZ, (i, j=1,2,3,4,5,6). (7.37)

The components of the mechanical deformation vector are determined using
deformation coefficients

gi:{gli ey &y £y & 8é}T, (i=0123), (7.38)
where

gj=¢] +155+1° + 2%, (i=123456).  (7.39)

Transformation of the equation of motion helps to solve the generalized
eigenvalue problem. The characteristic matrix of order 5 x 5 defines five real
positive eigenvalues associated with three antisymmetric and two symmetric
modes of Lamb wave packets.

The set of functions of phase velocity (cp), frequency (f) and direction of
propagation (8) are the components of the determinant of the matrix.

In turn, the determinant of the matrix allows one to write the characteristic
equation, the solution of which gives the ¢, — f curves (dispersion curves) in the
rectangular coordinate system for a given angle 0 or the c,— 8 curves in the polar
coordinate system for a given frequency f.

The results obtained from direct calculations using the finite element method
and from the analysis of characteristic equations including the components of the
stiffness matrix and mesic displacements were compared with the experimental
data on a composite consisting of epoxy resin (35%) and graphite (65%) with a
density of 1760 kg m™3. The composite was a laminated structure of [+45¢/ — 45¢]s.
The thickness of each plate was 0.125 mm.

Based on the calculations, the phase velocity dispersion curves were
constructed in rectangular coordinate systems. In the laminated composite, a fixed
direction (300) of the phase velocity was considered. The results of the modified
higher-order shear deformation theory were compared with the results obtained
by several existing equivalent theories of a single plate of the laminated composite
and exact solutions based on the three-dimensional theory of elasticity.
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The dispersion results were classified by the number of Lamb modes. In
addition, the dispersion results for the three antisymmetric Lamb modes of the
different theories were analyzed. Dispersion curves for symmetric and
antisymmetric Lamb waves are shown in Figs. 7.1 - 7.4.

The analysis showed that the higher-order shear deformation theory has
advantages over the single-plate equivalent theory of laminar composites. The
shear theory predicts accurate solutions because there are no assumptions during
the modeling process. In addition, this theory can predict an infinite number of
Lamb modes as the frequency increases. For the single-plate equivalent theory, the
number of Lamb modes is equivalent to the number of independent variables in the
displacement fields. However, the higher-order shear deformation theory is quite
time-consuming to calculate, especially for laminates with complex stacking
sequences or a large number of layers.

In summary, it can be stated that the application of elastic wave propagation
for damage detection in composite materials is most effective in the study of the
interaction of Lamb modes with delaminations. The analysis of shear variable
models revealed the presence of delamination effects on the fundamental
symmetric Lamb mode in cross-laminated laminates.

It should be noted that the presence of strong dispersion of Lamb waves makes
the damage localization process difficult. A way out of this situation may be the use
of time-frequency analysis to facilitate damage localization. Such analysis allows to
isolate individual frequency components of Lamb waves and, thus, allows to localize
damage more effectively.

Time-frequency analysis based on short-time Fourier transform has also been
found to be effective in obtaining the time of flight of diffracted waves. However, a
large number of both theoretical and experimental studies still favor the wavelet
transform, which is particularly suitable for localizing high-frequency components
of mechanical stress waves. Unlike the Fourier transform, which uses sinusoidal
functions as a basis, the wavelet transform uses more general basis functions. The
location, size and orientation of damage can be determined using the delamination
identification procedure. The methodology involves using the basic antisymmetric
Lamb wave mode to detect delaminations in laminated composites. In the final
stages of the analysis, a continuous wavelet transform was used to decompose the
obtained results. Mechanical delaminations for each layer were localized based on
the flight times of the damage-induced Lamb wave groups and their propagation
velocities.
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