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CALCULATION OF A CULVER PIPE BY THE NUMERICAL-
ANALYTICAL BOUNDARY ELEMENTS METHOD
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Abstract: The methodology for applying the numerical-analytical boundary elements method to
the calculation of reinforced concrete and fiber-reinforced concrete culverts is considered. The force
state of the pipe as part of the road embankment from the action of the soil mass and moving vehicle
load is determined by an alternating diagram of bending moments with a maximum positive moment
in the ridge and trough sections and a maximum negative moment in the side sections, which
necessitates the need for double rod reinforcement. Such reinforcement has low efficiency. It is
difficult to ensure the design thickness of the protective layer of concrete, the displacement of the ring
reinforcement in the direction of reducing the protective layer reduces the operational reliability of the
structure in terms of durability, and with an increase in the thickness of the protective layer, the
bearing capacity of the section decreases. One of the effective solutions to this problem is the use of
dispersed steel fiber reinforcement, which allows you to avoid the use of double rod reinforcement. In
addition, steel-fiber concrete improves the characteristics of concrete, and also allows you to change
the nature of the destruction process. Unlike conventional concrete, in which this process occurs
almost instantly, brittle destruction does not occur in fiber concrete, and the structure continues to
resist the load, and the nature of the destruction changes from brittle to ductile. Literature analysis
shows that in Ukraine, the emphasis in the study of culverts is on corrugated and plastic pipes, and
very little attention is paid to reinforced concrete and fiber concrete pipes. In the work, the culvert is
considered as a circular cylindrical shell. As a result of the implementation of the algorithm in
SCILAB, the values of deflections, angles of rotation, bending moments, transverse forces and stresses
were calculated. In order to verify the obtained results, computer modeling of the pipe and finite
element analysis of its stress-strain state in the ANSYS program were performed. A comparison of the
stressed and displaced values obtained by the two methods shows that the maximum difference
between the values of the stressed values is 0.65%, and the displaced values are 0.51%, which
indicates the effectiveness of the proposed calculation method.

Keywords: culvert, fiber-reinforced concrete, cylindrical shell, boundary element method,
SCILAB, ANSYS.

PO3PAXYHOK BOJOMNPOIIYCKHOI TPYBU YUCEJIBHO-
AHAJITUYHUM METOAOM IN'PAHUYHUX EJIEMEHTIB

KpyTiit ¥0. C.!, Ocagunii B. C.!, Cyp’aninos B. M.!
l0decvra depaxcasna avademia 6yoisHuymea ma apximexmypu

AHoTanisi: Po3risgaeTbess METOAMKA 3aCTOCYBAaHHS YHCEITBbHO-aHAITHYHOTO METOY TPAHUIHHX
€JIEMEHTIB 0 PO3paxyHKy 3aj1i300eTOHHUX Ta (hiOPOOETOHHMX BOIONPOIYCKHUX TpyO. CuiioBUl cTaH
TpyOM y CKJIali HACHIY JOPOTH Bim Iii Macw IPYyHTY i pyXOMOTro aBTOMOOUTFHOTO HaBaHTAXKEHHS
BU3HAYAETHCS 3HAKO3MIHHOIO eMIOPOI0 3THHAIBHUX MOMEHTIB 3 MAaKCUMaJbHUM TO3UTUBHAM
MOMEHTOM B KOHBKOBOMY 1 JIOTKOBOMY TIepepi3ax 1 MaKCHMaJlbHUM HEraTHUBHUM MOMEHTOM B OIUHHX
repepizax, mo oOyMOBIIO€ HEOOXIAHICTE IMOABIHHOTO CTPMYKHEBOTO apMyBaHHS. Take apMyBaHHS Ma€e
HU3BbKY e(peKTHBHICTh. Bakko 3a0e3neynTy MpOeKTHY TOBILMHY 3aXHCHOTO IIapy OETOHY, 3MIlICHHS
KUIbLIEBOT apMaTypu B OiK 3MEHILIEHHS 3aXMCHOTO MIapy 3HUXKYE eKCIUIyaTalidHy HaIiiHICTb
KOHCTPYKIIil IO JOBrOBIYHOCTI, a i3 30UIBIICHHSAM TOBIIMHH 3aXWCHOTO IIAPy 3HIKYETHCS Hecyda
30aTHICTH mepepizy. OmHUM 3 eeKTUBHHX pillleHb I1i€i mpoOjieMH € 3aCTOCYBaHHS JAUCIIEPCHOTO
apMyBaHHS cTajieBol0 (hiOporo, sike J03BOJSIE YHUKHYTH BUKOPHCTaHHS IOABIHHOIO CTPHXKHEBOI'O
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apmyBanHs. Kpim Toro, cranediOpoOeTOH TOKpallye XapaKTEPUCTHKH OETOHY, a TaKOX JIO3BOJISE
3MIHUTH XapakTep mpoiecy pyiHyBaHHs. Ha BigmiHy Bix 3BH4aiiHOro OeTOHY, B SIKOMY Iied mpoiec
BiOyBa€THCSI MPAKTUYHO MOMEHTAJbHO, Y (iOpoOeroHi He BinOyBaeTbcs KPHXKOrO pyWHYBaHHS, i
KOHCTPYKIIisl MPOAOBXKYE UYHHUTH OIMip HABAaHTAXECHHIO, a XapaKTep pPYWHYBAaHHS 3MIHIOETHCS 3
KPUXKOTO Ha B'I3KMHA. AHami3 JiTepaTypu MOKa3ye, MO B YKpaiHi akKUeHT Yy IOCHiJKEHHIX
BOJIONPOITYCKHUX TpyO poOUTHCS Ha To)pOBaHUX 1 IJIACTMACOBHX TPyOax, a 3ali300€TOHHUM i
¢ibpobeToHHUM TpyOaM TpPUIIISETBCS Oy)Ke Majo yBard. B poGoTi BomompomyckHa Tpyba
PO3IIIAAEThCS, SIK KPyroBa HWTIHAPUYHA 00oNoHKa. B pesymbraTi peanizanii anroputmy y SCILAB
oOuucrieHi 3Ha4YeHHS NPOTHHIB, KYTiB MOBOPOTY, 3THHAJIBFHMX MOMEHTIB, IOMEPEYHUX CHI 1
HampyXeHb. 3 MeTo Bepudikallii ofepKaHUX pe3yJbTaTiB BUKOHAHO KOMII'FOTEPHE MOJICIIOBAHHS
TpyOM Ta CKIHUCHHO-CJIEMEHTHHI aHaji3 ii HampyXeHo-7Ie(OopMOBaHOro crany y mporpami ANSYS.
[NopiBHSIHHA HampyXeHb 1 MmepeMilieHb, OTPUMAHUX JBOMa METOJAaMH, IMOKa3ye, M0 MaKCHMallbHa
PO30ODKHICTh BETMYMH HAIpyXeHb craHoBUTh 0,65%, a mepemimenr — 0,51%, mo cBim4uTH Tpo
e eKTUBHICTH 3aIIPONOHOBAHOTO METOJIY PO3PAXYHKY.

KmrouoBi caoBa: BomomnpomyckHa TpyOa, (iOpoOeToH, IIiHAPUYHA OOOJIOHKA, METO]
rpannyaux enementis, SCILAB, ANSYS.
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1 INTRODUCTION

Among many structures of circular cross-section, reinforced concrete culverts occupy a
significant place. The force state of the pipe as part of the road embankment from the action
of the soil mass and moving vehicle load is determined by an alternating diagram of bending
moments with a maximum positive moment in the ridge and trough sections and a maximum
negative moment in the side sections, which necessitates the need for double rod
reinforcement.

The low efficiency of such reinforcement is due to the fact that in this case the relative
working height of the section is small due to the need to ensure the requirements for the
thickness of the protective layer of concrete for the working reinforcement. In this case, it is
difficult to ensure the design thickness of the protective layer of concrete, the displacement of
the circular reinforcement in the direction of reducing the protective layer reduces the
operational reliability of the structure in terms of durability, and with an increase in the
thickness of the protective layer, the bearing capacity of the section decreases. One of the
effective solutions to this problem is the use of dispersed steel fiber reinforcement, which
allows you to avoid the use of double rod reinforcement. In addition, steel fiber concrete
allows you to improve such characteristics of concrete as crack resistance, frost resistance,
tensile strength, bending, torsion, etc., and also allows you to change the nature of the
destruction process. Unlike conventional concrete, in which this process occurs almost
instantly, brittle destruction does not occur in fiber concrete, and the structure continues to
resist the load, and the nature of the destruction changes from brittle to ductile.

2 ANALYSIS OF LITERATURY DATA AND RESOLVING THE PROBLEM

Literature analysis shows that in Ukraine, the emphasis in the study of culverts is on
corrugated and plastic pipes, and very little attention is paid to reinforced concrete and fiber
concrete pipes. We note the works [1-3]. The monograph [4] is very informative and useful in
terms of the study of fiber concrete pipes. In work [1], the stress-strain state of fiber concrete
water and sewer pipes manufactured by the dry vibropressing method was considered.
Laboratory tests of fiber concrete samples for compression, bending, crack resistance, tension
and heating were carried out at the test site. The optimal amount of fiber in concrete and the
necessary calculated mechanical characteristics of fiber concrete were determined. The
authors of the article [2] provide interesting statistics: as of the beginning of 2019, there were
about 130 thousand pieces of culverts on public roads in Ukraine, more than 80% of which
are reinforced concrete pipes.

It is known that the low tensile strength and brittleness of concrete [5-7] reduce its
structural efficiency. These disadvantages can be significantly compensated by dispersed
reinforcement of concrete [8, 9]. The resulting fiber-reinforced concrete is advantageously
different from traditional concrete, having several times higher tensile and shear strength,
impact strength, crack resistance, abrasion, frost resistance, water resistance, cavitation
resistance, fatigue strength, heat resistance, fire resistance, fracture toughness. Studies have
shown that the most indicative characteristics of fiber-reinforced concrete are strength,
toughness and fracture work in axial tension and bending. According to the latter indicator,
fiber-reinforced concrete can exceed standard concrete by 15-20 times [7-9].

From the point of view of structural mechanics, a culvert, regardless of the material used,
is a long cylindrical shell. Several methods have been recommended for analyzing the
operation of cylindrical shells. Simplified equations derived by Shorer [10] can be used. A
more complete system of equations, which, however, requires a lot of computational work,
was formulated by Jenkins [11]. The main analytical methods for their calculation were
developed in the last century. These are the moment-free and moment theories of shells, and
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the semi-moment theory [12]. The issues of strength and crack resistance of reinforced
concrete cylindrical shells have long attracted the attention of scientists [13]. This interest
does not wane even now. We note the works [14-17].

The analysis of the literature shows that very little attention is paid to the development of
new methods for calculating reinforced concrete and steel-fiber concrete cylindrical shells, so
this direction is relevant.

3 PURPOSE AND TASKS OF THE STADY

The purpose of the work is the application of the numerical-analytical boundary elements
method to the calculation of reinforced concrete and fiber-reinforced concrete culverts.

To achieve the set purpose, it is necessary to apply the numerical-analytical boundary
elements method to the calculation of a culvert, which is considered as a circular cylindrical
shell, to perform a numerical analysis of the pipe using the finite element method and to
conduct a comparative analysis of the results obtained by the two methods.

4 MATERIALS AND METHODS OF RESEARCH

Reinforced concrete and fiber concrete cylindrical shells are considered. Computer
modeling methods, methods of higher mathematics, numerical-analytical boundary element
method, finite element method are used.

5 RESEARCH RESULTS

Consider a culvert (Fig. 1), which from the point of view of structural mechanics is a
closed circular cylindrical shell of constant thickness. We will assume that the shell is rigidly
clamped at the ends, rests on two intermediate supports and is under the action of uniform
external pressure. The beam model of such a shell is presented in Fig. 2.

Fig. 1. Culvert
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Fig. 2. Closed circular cylindrical shell loaded with uniformly distributed pressure
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A detailed description of the numerical-analytical boundary element method and
examples of its implementation can be found in [18].

The algorithm for calculating a cylindrical shell is as follows:

e we break the shell (replacing its beam) into several modules. In this case, since it is
assumed that the pipe rests on two intermediate supports, there will be three such modules;

e we form matrices of initial and final parameters and the load vector, taking into
account the boundary conditions, equilibrium equations and compatibility equations of the
displacements of nodes 1 and 2.

Each module as a one-dimensional physical body has only two boundary points — x=0

and x=1. If the coordinate X of each rod is given the boundary value I, then a sufficiently
simple transformation can be performed according to the scheme
Y (1) = A()X(0) +B(1) = A1) X (0) - Y (1) =-B(1) > A(1)X.(0,1) =—B(1), (1)

where the finite boundary parameters of the matrix Y are transferred to the place of the
zero parameters of the vector X . In this case, these vectors are supplemented with equations
of equilibrium and commonality of displacements of nodal points and boundary conditions.
At the end of the transformation scheme (1) we have a system of linear equations for the
initial and final parameters of all modules of the structure. After calculating the initial
parameters of the modules, their stress-strain state is determined by the matrix equation

Y (x) = A(X) X (0) + B(x). ()

Thus, the solution of direct problems of structural mechanics of rod systems in the NA
BEM is reduced to the solution of one system of linear algebraic equations and the calculation
of the stress-strain state at the internal points of the rods according to the ratio of the initial
parameter method. Such a solution scheme ensures obtaining very accurate results.

The main operation in scheme (1) is the transfer of parameters from Y to X . The
process of transferring the final parameters of a vector Y to a vector X is based on the
following provisions. Vectors of any rod (and non-rod) structure at the limit value of the
coordinate x =/ will contain 3 groups of parameters. The first group is the zero boundary
parameters, determined by the given support conditions (boundary conditions). The second
group is the dependent parameters, related to each other by the equations of equilibrium and
the commonality of displacements of the structural nodes. The third group of boundary
parameters is not related to each other. These parameters can be conditionally called
independent. Transferring parameters from vector Y to vector X must be compensated by
non-zero elements of the matrix A, otherwise the original equation of the scheme (1) is
violated.

It is obvious that the independent parameters of the vector Y must be transferred to the
place of the zero parameters of the vector X , and the dependent parameters are transferred
according to the equations of their connection.

Before the parameter transfer operation, it is necessary to free the matrix A fields from
elements associated with zero parameters of the vector X , i.e., to zero the columns of the
matrix A, the numbers of which are equal to the numbers of zero rows of the vector X . Next,
non-zero compensating elements are introduced into the matrix A and the transformations
according to scheme (1) are completed, since only the signs of the elements change in the

matrix B [18].
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We write the equation of the boundary value problem in the form

AX,.=B, (3)

QOil (Il) Bfl_l (Il)
Q™ () B, (1)

MO (B
QIO (B
ME)| (BE()
5 _|P90). 5 _[BE(L)|
M (B (L)

Q?(0) By’ (1,)
Q273 (IS) B121_3(|3)
D¢*%(0) By (15)
M*2(0) Bs:°(I,)
Q"%(0) Bi (1)

The matrix A of fundamental functions in (1) after the above transformations has the
form

0O 0 -A, A, O 0O 0 O 0O 0 O
0O 0 -A, A, 0O -1 0 0 0O 0 0
O 0 A, A, 0 0 -1 0 00 0 O
10 A, A, O O 0 0O 0O 0 O
o0 0 0 0 A, -A,b -A, 0O 0 0 0
|00 0 0 0 A A A 0 -1 0 0
o0 0 0 0-A, A, A, 0 0 -1 0
o -1 0 0 0-A, A, A, 0 0 0 0
00 0 0 0 0 0 0 0A, -A, -A,
o0 0 0 0 0 0O 0 0O 0 O
o0 0 0 0 0 0 0 0O 0 O
o0 0 O 0 0 0 0 0O 0 O

Analytical expressions of fundamental functions (components of this matrix) are
obtained in [18] for all possible roots of the characteristic equation corresponding to the
differential equation of the problem.

Solving system (3), we obtain the kinematic and static parameters of the stress-strain
state of the shell.

6 DISCUSSION OF RESEARCH FINDINGS

In accordance with the given algorithm, the calculation of the fiber concrete culvert
under the action of uniform external pressure was performed (Fig. 3).
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As a result of the implementation of the algorithm in SCILAB [19], the values of
deflections, angles of rotation, bending moments, transverse forces and stresses were
calculated.

Numerical values of deflections and tension, calculated with a step of 1 m at the points of
the upper forming shell, are given in the table. 1.

The finite-element model of the pipe is built in the ANSY'S program [20].

Here, as in SCILAB, the values of deflections, angles of rotation, bending moments,
transverse forces and stresses are calculated (Table 1). The tension and displacement diagrams
are shown in fig. 4.
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Fig. 4. Stresses (a) and displacements (b) in the water culvert
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Table 1
Stresses and displacements in the fiber concrete water culvert
Coordinate along the MI'3, SCI.LAB MKS, ANSYS
. Stresses, Displacement, Stresses, Displacement,
axis, m
MPa mm MPa mm
1 20,871 0,7133 20,796 0,7132
2 20,644 0,6803 20,796 0,6830
3 32,743 0,0164 32,530 0,0162
4 20,643 0,7103 20,796 0,7139
5 20,675 0,7137 20,792 0,7130
6 20,912 0,7139 20,796 0,7130
7 32,743 0,0164 32,530 0,0162
8 20,716 0,7131 20,796 0,7140
9 20,715 0,7101 20,792 0,7130
10 20,715 0,7108 20,792 0,7130
11 20,779 0,7135 20,796 0,7139

7 CONCLUSIONS

Thus, the method of applying the numerical analytical method of boundary elements to
the calculation of reinforced concrete and fiber concrete culverts is proposed. In accordance
with the given algorithm, the calculation of the culvert for the action of external pressure was
performed. As a result of the implementation of the algorithm in SCILAB, the values of
deflections, angles of rotation, bending moments, transverse forces and stresses were
calculated. In order to verify the obtained results, computer modeling of the pipe and finite-
element analysis of its stress-strain state were performed in the ANSYS program. A
comparison of the stressed and displaced values obtained by the two methods shows that the
maximum discrepancy between the stressed and displaced values is 0.65%, and the displaced
value is 0.51%, which indicates the effectiveness of the proposed calculation method.
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