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SOr~ r~uo,,EMS ON .............. A RxuxD BODY WITH ±NxER~ DEGREES 

k)R f 1~ 1%151JI-/1"1 

T -- i ..... i ..... .~ iI _1 --. 
D .  D .  ~ e s n c h e , r ~ u  ~ n u  S .  ~ .  S ~ ± l a m  UDC ~="'.I 

~ consider the motion of a dynamically s~netric rigid body . . . . . .  a spherical cavity ~'~- W ~ L I I  

• ±±±~u w±en a viscous ±lqu±u~---~" and a movable mass uuup±~u ~±~su±c~±±y ~u ~ pu±n~ on the s~r,- 

metry - - - ~  . . . .  ~ We ~.e ~n~ ax±~ ~,u experiencing viscous friction, study .... combined effect of .... viscous 
I J _..J a L I I ~  ± ± q u ± u  i n s i d e  t h e  c a v i t y  a n d  . . . .  m o v a b l e  m a s s  o n  L e e  m o t i o n  o f  t h e  u y n ~ m ± ~ a ± ± y  ~ . . . . . . . . . . . . . .  s ~ w m ~ e t r i c  

rigid . . . . .  

~ consider .... motion of a dynamically syvr~netric ~±u ..... body ...... w±cn a ~p,~r±ca±--' .... ~--~ cavity 
~ J 1 ~ -  • ±±±ed with a viscous ±~qu±u~ and a movable mass m which is coupled ~±~s~±u~±±y ............ to a point 

0 z on the sy~a~etry axis and experiencing viscous friction. The origin of a Cartesian coor- 
. . . . . . . . . . .  u~uy Q* u±naLe system fixed to the vuuy is taken at the center of inertia O of the .... with 

the mass at point O~ and the liquid. The unit vectors e~, ez, e3 of this coordinate system 

are taken such that e3 is along the axis of dynamical sywm~etry of the body Q*. Then the 

position vector of the point O is O~ = pe s and we assm3~e w~n no loss of g~.er~±~uy ............ that 
p > 0. In this coordinate system the moment of inertia tensor of the rigid body Q* has 

. . . . . . . .  ~' C) the ~urm u±~g~, A, where A and C are the equatorial and axial moments of inertia. In 

terms of components along the axes el, e=, e3 the equations of motion are [2, 3]: 

~P C (A -- C) prZ; Ap" + (C -- A) qr = Fqr + Brap + 

~P 
Aq" q- (A -- C) pr = -- Fpr -t- Br*q + ~ C (A - -  C) qrZ; 

Cr" = -- AC-~ Br z (pZ -b qZ) nt_ ~ (C -- A) r (pZ + qZ). 

Here p, q, r are the components of the absolute angular . . . . . . . . .  ~, Lue ve±oc±Ly ~ is ~ . . . . . . . . . . .  ue,,~±~y of 

Lee ±±qulu~ a~U V Am e r i e  KineNaLIc viscosity. ~ne uOnsu~ne censu~ r - ,rij, uepend+ on 
Lee ±nape u± the cav±ty anu ±~ wr±t~en ±n the ±o~m Pij - P°ij, where oi~ ±~ the ~onecke~ 

ue±t~ anu r 0. ru~ ~ ~pner~ca± cavity of r~u±us ~ we nave ~ = ~ ~=~ t~j. 

~--~ne basic assumption of our treatment is that the ~eynu±u~ ......... number R = l~T,-Zv -~ is 
small. Here I is the linear dimension of the cavity and T, is the time scale of the motion 

and is ~nv~rs~±y~- proportional to the characteristic ~ugu±~ .......... velocity ~. ~o±±uw±ng~ .......... t ~ ] , r ~  

. . . . . .  1 - L I I ± ~  w~ use ! and T, as ~c~±~s of length and time. In . . . .  case the viscosity is a large para- 

meter: v-~ ~ I. 
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To shorten the notation we put in (I.I) 

f = mp~f l -~CA -~  [A ~ (P~ + q~) + C~r~]; 

A_4, . ~ 2 B = mp~, f~-~C ~ (A - -  C) ( I 

w h e r e  X = O/m,  a ~ = c / m ;  a n d  6 a n d  c a r e  c o n s t a n t s  . e s c ~ x u z n g  t h e  c o u p l i n g  b e t w e e n  t h e  p o i n t  
a n d  t h e  b o d y  a n d  p l a y  t h e  r o l e  o f  t h e  v i s c o s i t y  a n d  s t i f f n e s s ,  . . . . . . . . . . . .  t e ~ p e u c - v e x y .  

We c o n s i d e r  t h e  c a s e  w h e n  t h e  c o u p l i n g  c o n s t a n t s  a r e  l a r g e  [ 3 ]  

~>> %m >> m~ (0) = [ e)[ .-- 1). (1.3) 

In addition we assmme that the motion of the rigid body generated by free vibrations of 
the mass m can be neglected and we consider u,xy ...... its driven motion relative to the body. 

Multiplying the three equations of (I ' ~ .±~ by Ap, Aq, and Cr, respectively, and adding 
them together, we obtain a first integral of the system (I.I) 

O ~ = A z (pZ + q~) + C~r " ---- const, ( 1 . 4 )  

which expresses the constancy (in the approximation considered here) of the magnitude of 

the angular momentm;~ vector G of the rigid body Q* with solidified liquid about the point 
O. 

Taking . . . .  u n e  time derivative of the ~ ± n e L x u  . . . . . . .  energy 

= 1 [A (p~ -4- q~) + Oral. ( 1 .-,~ = ~ H 

u s i n g  t h e  e q u a t i o n s  o f  m o t i o n  ( 1 . 1 ) ,  we o b t a i n  

It" = - -  m@Xf~-4C~A -~  (A - -  C) a (pa + q~) r ~ - -  [SP (A - -  C)~ r ~ (pa +qa) ~ 0, ( 1 6 ) 

As e x p e c t e d ,  t h e  k i n e t i c  e n e r g y  i s  a d e c r e a s i n g  f u n c t i o n  o f  t i m e .  

We i n t r o d u c e  . . . . . . . . . . .  u~e  8 a n d  £0 d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  . . . .  v e c t o r  G . . . . . . . . .  L e ± ~ c i V ~  ~t-11 g -k r=I ~ L t l N  

to the rigid body 

A p = G sin O cos ~, A q  = O sin O sin % Cr = G cos O. 
(1.7) 

Here 8 is the mutation angle and ~ is the precession angle. 

We transform (I.±/'~ to the ..... v~xau~e~-'-~ - ~'tx.~),~ taking into account .... ut~ constancy of G. 
Solving the resulting equations for the uur~v~tzv~s ...... ~p" and O" and ........... ~' ~uu~txuutzng ~x.2), we 
obtain 

Here 

O" = ~z s in  0 cos  s 0 + rl s in 0 cos O, q~" = y cos O. 

~x == rnpf~,Q-4C-~A -5  (A - -  C) G ~ = cons t ,  

~1 --  [3PG'Zv-~ A - a C  -~ (A - -  C) = cons t ;  

? = G (C - -  A - -  m @ ~ - ~ C A - a G  ~) A -~C  -~ = cons t .  

/ 1  cl k£.O) 

k ± . ~ ' ]  

The quantities ~, q, ~ have the ................... u:m~n~.o.~ of angular vu~ou.Ly and are constants of 
the motion. We note that in the case of . . . . . . .  ~ ~' ~\ c o m p J . e L u  s~vr~etry r, ~ = ~ (1.8) and become 

o~ = cons t .  0 = cons t ,  r#" - -  - -  m p f f ~ - f A  -1  cos  0 = const ,  ( t  ' ~ ~ 
. 1 U /  

w . x c n  corresponds to uusxoLm--'= .... rotation of the vector ~ about ~'-c,,~ axis e. In ~'--'L,lZS case of 
rnl._ complete s~Tmaetry e is a unit vector ~xu,g-~ .... p, i.e. , ~ - ~. x~ position of ~--c~te vector 

in ~'- - Lee coordinate system rigidly fixed to the body is given by the angle 9 W-Ll~ ......... Lnu vector 
e a n d  . . . . . . . . .  L . ~  ~ . g ± e  (p . . . . . . . . . . . . . .  ~ e c w e ~ n  Lne  p r o j e c t i o n  o f  c0 onto t h e  p±a~ .u  . . . . . . . . . . . . . . . . . . . .  p e L p e u u x u u ± a L  t o  e a n d  a 
fixed .......... uxLeuLIO, in this plane. ~'-- equations (I ~ • ne .±u~ are written in terms of these vari- 
ant _ _ 
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. . . . .  8 )  9 )  . . . . . . . . . . . .  i n  t h e  ±ill]i L l -m O •  p --> O ,  Cf. -'P 0 / I  1 1  [ r o l l  J . . . . . . . .  kz. and ~±. reduce to LII~ K~U-IL~ of ±0£ LII~ 

. . . . . . . . . . . . . . .  liq motion of a zxgxu uouy W~Ln a cavity = .... ~ with viscous id ........ v ÷ ~ q ÷ 0 ...... 
...... t~ . . . . . .  

expressions reduce to ~'une ........ ~e~U±t~- of tJJr~ for ~'-une motion of a rigid ~-=uuuy ...... WXCn'- a muv~u±e m~. 

iIIC~gii/Lillg the first equation of ~±.8),t' we find for a uynm~ud±±yJ ........ ~ .............. ~ynHUULLXC ~-=--uuuy 

' In I tg 0 ] = f + const, ( I .  I I )  2q (c~ -F ~) in  (c~ + q s ee  ~ O) ~ cc 4-  !] 

where ~ and q are given ~-- ~±. ~ ~. ~--~ . . . . . . .  ~ ~ -~ ..... uy ~7 ~ppiying the initial condition ~e0j = 80, we UUL~Xn 

f r o m  t ~ , ,  ~ i . i i )  

(l  + ~ sec~O) ( t g  z O) ~ = (1 4- o s e c  ~ 00) ( tg  z 00) ~ e x p  I2q (1 + ~) l]. ~ ,  ~ ~ 
k i . i ~ ]  

n e ~ e  we  h a v e  a ~ u m u u  . . . . . . . . . . . . . .  w i u n  n o  l o s s  o f  g e n e r a l i t y  t h a t  8 l i e s  iil . . . . . . . . . . . . . . . . . . . .  unu  lXrSL quetutanL k/-'X:xi 
~ l - z  t l l ~ l l  ) l i t  [ 1  1 " 1 ~  -__ 1 ..... LnxS is not the case ~' .... we can reverse the directions of the axes . ~- ~±.±m, w~ n~ve 

put 

q A ~ P ~  ~ 
( J  . . . . .  

. . . . . . . . . . .  ( ~ -  ( .it/ is a n  i l l l p i i C i g  £'~i~tUlUll between 8 and t. I.~i, ~ ' - -  ~ E U ~  £ I . I - L l l g  L U  L II~C~ 

- .Ic) cn~c When A > C sign of q is . . . . . . . . . . . . .  b y  L u e  u e t . e r m i ; , e u  sign of A It is evident from (I 
/ .... 1 - ; -  L _ -I__~ ; 1  . . . . . .  1 . . . . . . .  I-- _ r'f11_ _ k p t o i a t - e  u u u y )  b i l e  a n g l e  @ iiicreases . . . . .  .,._. _, . - ~ 1 .  inunuuonieaxiy with t and - h e  a p p r o a u u e b  g/2 as t -- ~. 
. ~ - ' _  _ 1 UfP-. x±n~± motion will ~- a rotation about an axis perpendicular to the axis of uynam-ca± ........... syvn- 

metry, iiTZ A < C t-~ ~- ~ --~ ~ ' -~ ........ ' . . . .  zero as kou--au~ uody) then 8 decreases t m o n o u o n i c a i i y  a n d  a p p ~ u e t u n e ~  
-.2 I 1 m l - - -  £ 2 - - - - 1  Llli~ ~. mac x-ha- motion in ..... case w~-± be a rotation about the axis of dynamical s~-netry 

m l  ..... £ .... ~I-- J *_+- - - ~ 2  --. lJl~/~iU£~ LAI~ UIr~uLiUll of the ...... ~-+ momentum vector G in tile tout ..... UZli~C~J-" .... system ~-'---~ ~ngular 
t o  ~ILIII;:~ . . . . . . . . .  body , _ _ ~1- - I . . . . . .  ~ ........ approau,,~ a steady state along the axis corresponding to ene J . i : i l . ' g ~ b  L I I I U I I I ~ I I  L 

A: m l - -  ~ . . . . . . . . . .  o-- inertia. .~,e time uupu~,du~,uu of the angle ~ is found from the ~uunu ....... equation of (1.8). 

B I I U W  L 11 ~-. ~ 0 e i g u I e b  I a n d  2 . . . . . . . . . . . . .  g £ a I n ~  o f  . . . .  n u t a t i o n  a n g l e  8 ( t )  f o r  t h e  inlLial v a x u e ~  

' l l / U  allU 111~+ allU ui-ie,enL values of = ~ -  parm-neter FI~ which are ~-,[IU,-I-I.L~-~L~z~J. on LII~ cl/rveso 

c u . ~ x u e ~ - e u  ± n  t .~u a p p r o x i m a t i o n  . . . . . . . . . . .  h e r e  t h e  q u a n t i t y  O ( t )  a p p r o a c h e s  a r x g . t  a n g l e  a n d  z e r o  
as q + _.u,±~ ......... ze~pectxv~xy~--. ~'xnxb-"- supports the above conclusions on tile motion of the ..... uuuy 

The angular momentum G O of the entire system• which is conserved in a noi~-,;oving coor- 

dinate system, differs from the vector G by the angular momenttmi k of the mass m and by 

the gyrostatic angular moment~u-n L. For the conditions (1.3) the vector k is of order ~-2~ u k ~  ) 

• - . . . . . . . .  [2 . l l l e l e / u [ ~  [ 3 ]  T h e  v e c t o r  L w a s  ua iCLLkaUeU i n  J a n d  i s  o f  o r d e r  O ( v  - 1 )  . . . . . . . . . . .  o u r  r e s u x c ~  

show- ~' . . . .  ' . . . . . . . . .  ~- - - unau ill un~ presence of ±nL~nax-" ......... ~ dissipation the motion of tile system appruaune~ a 

s ................ This qualitative Le~Uy rotation ~UUUL Lne axis of largest moment of inertia as t + ~. 

conclusion is well-known (see [2 ~ = ~ . . . .  ~ - - ~  , J j) and ioxiow~ from energy considerations. ±nueeu, the 

~xn~uiu energy of .... ziglu body " using (1.7), is 

1 cos" Of ( t  ' ' ~ t t  -sf lA (p= 4- q ~) -+- Crq = t/2A-~0~[1 -F ( A - - C )  c-~ 

~e see Ln~L LnU minimm-~ ---~-- of H corresponds to 8 = -~n ,,~ for A > C and to 8 = 0 for 
- - l - J  - L  W I L I I  t l l ~  I . ' ~ ; U ± L ~  . . . . .  J -1 . . . .  ~ 1 . . . . .  A < C ,  w h i c h  a g r e e s  . . . .  I_ ~,  . . . . . . . .  ~ -  o b t a i n e d  a b o v e .  I n  t h e  c a s e  u u n s ± u e E ~ u  n ~  t h e  m o v -  

a b l e  mass and the cavity . . . . . . . . . . . . . . . . .  WiUJi [-lle inside the body only N i l g l l u i 3 t  ................. Lill~ll~tf- its /:lllgkld.~!:ti .......... 

moment~;, but can lead to significant energy dissipation. 
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2. We consider the motion of a dynmmically sym~[,etric rigid body with a spherical cav- 
ity filled with a viscous liquid and a movable point mass m coupled e~a~u~±.~y~-- with . . . .  L u ~  

body at a point O~ on the symm~etry axis and experiencing quadratic friction with coeffi- 
cient ~ ~ origin of a Cartesian coordinate system fixed to the body is taken at .... 
center of inertia 0 of the systea-~ Q* consisting of ~'un~- body with the liquid and the point 
mass at 0~. The unit vectors of this coordinate system e i, e~, e~ are such that es is 
along the axis of dynamical s~Trm-~etry of the system. Then the position vector ~ of point 
Oi is ~ = pe~ and we assume the case ~ > 0. In this coordinate system the moment of inertia 
tensor of the system Q* '-~ llus the form diag(A, A, C) where A and C are the equatorial and 
axial moments of inertia, respectively. Taking components along el, e~, e a, the equations 
of motion are t~, ~J. 

[~P C (A - -  C) pr~; Ap" + (C--  A) qr = Nqr + Spr ~ + 

[~P C (A - -  C) qP; Aq" + (A - -  C) pr ~- - -  Npr + Sqr ~ + 

Cr" = --  SAC-~r ~ (p~ + q~) + ~ (C--  A) r (p~ + q~). t~.l) 

Here p, q, r are the components of .... uu~ absolute augu±a~ ....... velocity ~, 
cue ~qu~u, and 9 is the ~inem~u±u viscosity. 

For a spherical cavity of radius a we have P = 8~a7/525 [2]. 
assumed to be small, i.e., the viscosity of the liquid is large. 

To -' ...... ~ H u r u ~ n  the notation in ~ t~.l) we introduce the notation 

is the density of 

rm~__ 

~ne Reynolds nm~ber is 

N ---- tnp2f~-2CA-3G ~, 6 ~ = A2 (pZ _}_ q=) _]_ C2r2; 

S = m p 3 A ~ - 3 C 4 A - 4 d l d  I (p2 _}_ q2)I/2, d ---- I m CA -1,  t ~.  ~)  

w h e r e  ~ = c / m ,  c i s  t h e  s L l ± ~ u e ~  o f  t h e  e l a s t i c  c o u p l i n g ,  a n d  X 1 = ~ / m  = X~3,  fi >> ~ .  

We c o n s i d e r  t h e  c a s e  w h e n  t h e  cou~±~,g-'- c o e f f i c i e n t s  X1 a n d  ~ a r e  s u c h  t h a t  t h e  " f r e e "  
motion of the point mass m caused by an initial deviation damps out rapidly compared to 

r' ~' -" w l l ~  ~u~ to the the period of rotation of the body t~]. ~n~n tl~e motion of the body ..... be ..... 
~u~=r-Pu±~on motion and the . . . . . . . . .  vibrations of the point mass driven by the motion 
of the body will be sn,m~. 

Multiplying the three equations of (2 ' ~ .~} by Ap, Aq, and Cr, respectively, and adding 
these equations together, we find a first integral of the motion: the magnitude of the 
...... i _ angular momentum G = x~r 

G ---- coils%. . ,~ 

To determine . . . .  Lue quantity ~ we use the ~ox±owing ~ . . . .  method t~-~].r' ~ We write the components 
of the vector G along the principal central axes of inertia as follows: 
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Ap----OsinOcos~, Aq=GsinOsin~, Cr=GcosO. 
~ 4) k Z . ,  

Here @ is .... ~ne nutation angle and ~ is the precession ang±e. ...... Since G = const, uxxxur-~-'==- 

entiating ~ ' x t~.~ and using the equations of motion /~ ~ k~.x) and the expressions (2. ~ ~, we obtain 
c , , e  -o±±uwing uxxxe~enuxal equations for the spherical angles @ - - ~  

~" = × cos(3, (3" - ~ ~in (3 cos (3 + ~s in(31s in  01 cos~0. ( 2 . 5 )  

m%_ , h e  c o e f f i c i e n t s  × ,  q ,  $ i n  ~ ~ . 5 )  a r e  c o n s t a n t  a n d  e~ua~-- ~ t o  

× = - -  GC -~ (d + mp~-:CA-4G~); 
~ 6)  \ / . .  

~t=~P (A-- C)G%-~ A-zC -~, ~ ---- mp~A~-aC-=A-6d I d l(}7. 

In the special case of ~pner~ca~ . . . . . .  syqmnetry t~r' = C, d = 0) it ....... ±ux±ow~ from ta.u~Z~ ~ that 
the constants q and ~ are equal to zero and (2.5) can be integrated explicitly 8 = 80, 

~=×tcos 0o+~o, 0o, ~o=const. 

We consider now "'--une general case q # 0, ~ # 0. Equation (~4.o)=~ for . . . . . . . . .  ~lle ang±e 8 can 
be written in the form 

0 t 

l do 
• s in  0 cos  0 + % s in  ~ 0 cos s 0 
Oo 0 

g ~ , l f l  

I ..... q - Here we -dye ass m-ned with no ±uss of genera±-Ly that 8 lies in the first quadrant 

inCA I a I, e 
~1 ~ j,PfPCA4 

r,~l._ , h e  solution of i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  t=.7) was calculated nm-aerlu~l±y for u±±.erunc X anu q. ~±guLe~ 3 
. . . . . . . . .  ~14 . . . .  anu 4 s~,uw graphs of .... Lne nutation angle ~t~ . . . . . . . . .  ~_ anu ~u~ for the ±.~cxa± conditions 80 = ,/u, 
±±±e~ent. values of the parameters X and q, which are indicated on the cu~responuxng~-'- curves 

• u e t e r m x n u u  the sign of the dxxxezenue ~ c u u r u a n g  to ' , , - "  u ,  the sign of the quantity ;-I is = . . . . . . . . . .  by 
A - C. It is evident from the graphs that for A > C (r I > 0, prolate body) the angle 8 ap- 
. . . . .  ' - - -  . u n a c  When p z o a c u e b  ~ / 2  a s  X a n d  q i n c r e a s e .  I n  t h i s  c a s e  i t  f o l l o w s  f r o m  ( 2  5 )  . . . . .  ~ + 0 .  

A < C (q < ~ uumate ~ouy~ the angle 8 goes to zero as × increases and q ......... U ,  

n,~ case q>-+~ const according to (2.5) 

,nerexore in ax± cases the angular moment~n~ of the body G in a uouru±n~uu system fixed 
to the body approaches the axis of largest moment of inertia. 

~ulen~u for - - - = - - ~  discussions. T h e  a u t h o r s  . . . . .  c n a n ~  r .  L .  u n ~ r n ~ u ~ "  . . . . . . . . .  ' k o  a n d  L .  D.  ' . . . . .  u ~ e ± u ~  

LI~E~TuRa CxxE~ 

1 L.D. " ........ D. " .............. ~ K u . e n ~ o  a n d  D. o n  Le~hunen~u, "Some a . pruu~em~ the motion of rigid body with 

a movable mass," Izv. Akad . . . . .  i~au~ SSSR, Mekh. ~veLu. . . . . . . . . . .  ~e~, No. 5, ~ ~ a~o/. 

2 .  F . L .  ~ . . . . . . . .  ' " -  u h e r n o u s  ~ o ,  " M o t i o n  o f  a r i g i d  b o d y  w i t h  c a v i t i e s  ~ ± ± ~ u  = . . . . . . . . . . .  wxLn  v i s c o u s  ± ± q u x u  ~ . . . . .  

~max± ~eynuxu~ number Zh. vycnlsx haL. Mat. Fiz., 5, No. 6, ~u~-101u z,~=~ • -- k I ~ U J ] .  

3. F.L. Chernous'ko, "On the motion of a rigid body with movable internal masses," Izv. 
Akad. Nauk SSSR, Mekh. Tverd. Tela, No. 4, 33-44 (1973). 

528 


