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Abstract. In modern designs, multifunctional coatings with different stiffness and physical-
mechanical characteristics of the layers are used. Multilayered coverings can be considered as
thick plates resting on a rigid substrate. Refined models of symmetrical stress-strain state (SSS)
have been used for studying the SSS of multilayered plates on a rigid foundation.

The design diagram of a transversely loaded plate is formed by symmetric supplementing it
with regard to the contact surface and the foundation. The load to the double-thickness plate is
applied bilaterally and symmetrically about its mid-surface. In such a way, only unflexible
deformation can be modeled, which reduces the number of unknowns and the general order of
differentiation of the calculating system of equations. Such a diagram models the frictionless slip of
the plate over surface of its contact with the foundation. The rigid contact of the plate with the
foundation is modelled by introducing an additional thin practically undeformed layer.

The refined continual models have been used to take into account the deformations of
transverse shear and transverse compression in high iterative approximation. Two variants of
refined models have been considered. In the first variant, the load function is given explicitly,
whereas in the second variant it is replaced by an unknown desired function of compression.

Numerically, the models are realized by the variation-difference method (VDM). To derive the
calculating system of algebraic equations of VDM, the Lagrange variation functional is integrated on a
half-step of digitization, with a simultaneous use of backward and forward differences for the first
derivative of displacement functions. The advantage of the second variant of the refined model has
been demonstrated in the problems where the load function has gaps. The features of SSS plates on a
rigid foundation under the action of local distributed loads have been presented.

Keywords: multilayered plate, a refined model, transverse shear, transverse compression,
vibrational-difference method.

Introduction. The calculations for the strength and rigidity of various homogeneous and
heterogeneous composite, especially multilayer, coatings are reduced to assessing their SSS as plates in
contact with the foundation. It applies to the calculation of road multilayer clothing on sufficiently rigid
bridges, tunnels, and other structures of transport structures, protective multilayer coatings of flat
structural elements and parts, functional coatings of work surfaces of various equipment, etc.
Therefore, the accurate determination of the SSS of multilayer plates on rigid foundations under the
influence of stationary transverse loading, including local, is an urgent problem.

The combining of materials with isotropic and transversal-isotropic physical characteristics
into a multilayer package allows creating of the multifunctional designs. The SSS of such structures
due to their structural heterogeneity and the relatively low transverse stiffness of the individual
layers is significantly associated with the effect of transverse shear deformations and transverse
compression deformations. Therefore, the problem of refined modelling of SSS of plates, which
would take into account these types of deformations, is urgent. It should be noted that the
application of classical plate theory or refined shear models for SSS of transversely loaded plates on
rigid foundation leads to a trivial zero solution.
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In [1, 2, etc.], the refined models of SSS are considered, taking into account the transverse
shear and transverse compression, oriented mainly to the description of flexural SSS, whereas the
unflexible component of SSS prevails in plates on rigid foundation. Therefore, it is necessary to use
a refined model that would accurately describe the unflexible component of the SSS of plate on
rigid foundation.

In [3], the hypothesis was proposed and a special model of unflexible deformation of a
homogeneous and layered plate was constructed, which, in combination with a model of flexible
deformation, vyields results close to an exact three-dimensional solution. In the tasks [4, 5],
structural-continuous models of the SSS of transversely loaded plates are considered, and the
accuracy and feasibility of approaches to modelling plate on rigid foundation on physical and
geometrical parameters of the plate are investigated. In [6], the proposed models are applied for the
estimation of the SSS plates with defects.

The purpose of the article. The purpose of the research is to show the features of the SSS
plates on the rigid foundation under local load action using refined modelling with the application
of approaches [3-5].

Materials and methods of research. The deformation of a rectangular multilayer plate, which
rests on a rigid foundation in the linearly elastic statement is considered. The layers of plate are isotropic
and transversely isotropic of arbitrary but constant thickness. Instead of the actual construction of the
multilayer plate (Fig. 1a), it is suggested to consider the design diagram of the plate, which is formed by
supplementing it with a symmetric one about the contact surface of the foundation. In this case, the plate
will be symmetrically loaded with respect to the middle surface of the plate, and the thickness of the
plate will double H =2b, (Fig. 1b). The contact of the plate with the foundation is identical to the

conditions of shear without friction (Fig. 1b). The rigid contact of the plate with the foundation is
modelled by introducing an additional absolutely rigid thin interlayer of thickness hy (Fig. 1c).

Rigid contact conditions without slipping are maintained between the layers of the plate.
However, other conditions of interlayer contact can be considered without changes in the
formulation of the problem by introducing thin layers of low relative rigidity.
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Fig. 1. Optimization of the design diagram of a plate:
a — multilayer plate on a rigid foundation; b — symmetrical plate with sliding contact with the
foundation; ¢ — symmetrical plate with absolutely rigid contact with the foundation

a) c)

This approach allows optimizing the refined SSS model of a plate considered in [3], which
consisted of two qualitatively different SSS models, the flexural and unflexible ones. The flexible
component of the SSS disappears because the SSS in the symmetric plate structure under bilateral
symmetrical loading is completely described by the unflexible SSS. As a result, the number of
unknown functions and, consequently, the order of differentiation of the resolving system of
equations in the problem decrease significantly.

In a continual model [4], the components of the vector of normal ugk) and tangential
ui(k)displacements to the coordinate surface x;0x, (Fig. 1) are represented by the sums of the

products of the hypothetically specified power functions z//t(k), z//i(rk) of the transverse coordinate z
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and the sought-for functions y;, S, and v; of the coordinate surface x; 0x,:
i =@y twh(@p; t=12; i=12;
k k k k . T
Ui( )=Vi_l//:(3t )(Z)Vtyi_W§3)(Z)pyi_‘//i(r )(Z)ﬁir' r=14, @)
where two functions y; model the influence of transverse compression, and eight functions p;,
shows the influence of transverse displacement in the fourth approximation for each variable x;; p
is the function of the given transverse load. Hereafter, the differentiation by X, subscripts after the
comma is performed. The summation with respect to repeating subscripts is also performed.
The model (1) is convenient in those problems where the load function p(x;) has no first and

second kind breaks and thus does not contradict the principle of continuity of displacements ugk) and

the principle of differentiation of functions. Model (1) is very effective in analytical methods of
calculation [4]. However, it must be replaced for problems where the load function has breaks p(X;) in

(1) by an unknown compression function. Thus, the model is further implemented in the form of:
u§ =2 =13

u!) =v; —y (2 )i w28y (2)
The sought-for function y3(x;) is smooth and meets the conditions of continuity as well as
functions v;, 71, 72, Bir -

Functions lyétk), y/i(rk) that model the displacements distribution of z coordinate have the form [4]:
vid =[oassh Sz wigd=[raliigz: t=12; r=14;

vir) =—Joasdfiildzs w =JowiFdz; s=1k; 1=13. ®3)

In expressions (3), the functions Ft(k)(z) approximate the distribution of the stresses of

transverse compression o33, and the functions fi(rk)( z) approximate the stresses of transverse shear

0;, across the plate thickness. They are described in detail in [4].

The resolving system of equations for models (1) and (2) by the variation-difference method
(VDM) was obtained directly from the condition of minimum variation of the potential strain
energy. The Lagrange variation principle is applied here:

M =8T-3H =0, (4)
which in the case of flat deformation of multilayer plates is as follows:

N h

—(n)

N = ZH{I[Ull'&lﬁals'5513+033'&33]d2— P(Zl//st,s)‘@/t} ds; =0, (5
j=1s; (-h j

where J(;% is the value of the function l//étn,?z at z=h (Fig. 1b) or z=h+0,5hy (Fig. 1c) for points

on the surface of the plate.

Using (5) a discrete representation through finite differences of relative deformations ¢,
obtained from (1) by Cauchy relations and stresses o5 obtained by the Hooke's law, we obtain of
the resolving system of algebraic equations with respect to the nodal values of unknown
functionsv;, 7, fF; of model (1).

Here, an approach is implemented in which the integration of the variation of the full energy
functional (5) is performed in a step A/2 (Fig. 2), while using both the left (left of the node) and
right (to the right of the node) differences for the first derivatives of the unknown functions.
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Fig. 2. Discrete design diagram of a plate in the VDM problems

Using the proposed approach with left and right differences to the functions v; and g, of

model (1) in the functional (5), for the problem of flat plate deformation allowed obtaining the
resolving equations of VDM for the node in the following form (if the numbering of nodes in Fig. 2):

a) for multipliers in variation v;; in the node i of displacement function v, in the plane of the
coordinate surface x;0x,:

Bo(—vi +2vi =y 1/ A= By (0575 — 71+ —05y¢ } | 7 —
By (b +26-B ) A+R(r—-nk!/2=0; (6)
b) for multipliers in variation y;; of transverse compression function y; :
—By(05vs —vi +v —05v¢ )/ A%+ D (ys —4n +67i — 4y + ¢ ) 1 A° -
~H& (=27 + N X | A+D(05f, = B+ B =05B¢ e | A%+ R(v =y )/ 2
—(n) :
~ 35 BBl 2- Jgt(m =27i +n kI A+ Ryried — i (2313 )7ieA =0; (7
c) for multipliers in variation g, of transverse shear function g, :
— By (—vic +2vi v ) / A+ DgH(05y5 -y + 1 —05y¢ )/ A% +

+ DG (B + 25~ fike | A= Hiu (e =7 k1 2+ Tge e A=0. ®
The constant coefficients in the system of resolving equations (6) - (8) are the following
generalized physical-geometrical characteristics of the plate and are determined similarly to the

coefficients of the resolving system of differential equations with [3, 4] as follows:
b b by

Bo = IAlllldz; Bys = .[Alllly’cost; R = .[ A113§//3t,33dz; S, :1’_4;
_bn _bn —bn
bn bn bn

D' = [And,1wusdzs If = | AllSS‘//(hW3t,33dZ; HE = | AL133‘V3t,33‘//¢sti

_bn _bn —bn

by b, _ _

Rg= | Possd/an, Waq @23 Trg = [ G'var v1g,dz; u=13; tq=13; rg=14, (9
_bn _bn

where A, 4,5 are the coefficients of Hooke's law o,z = A,z,.5€,5; G’ is module of shear in the
layer; b, is coordinate z of the upper surface of the plate.

Research results. When acting on a plate local load with a function p(x;) having a first-

order breaks, the accuracy of the models M; (1) and M, (2) was compared (Table 1) on the example
of the calculation of displacements in a homogeneous thick plate ( v=0,25; a/h=4; a/H =2)

by VDM at 1=a/80. Evenly distributed load p acts on a limited area —54 < x; <54 at the nodes
i =0, 5. The diagram is given on half of the plate 0< x, <a/ 2 (Fig. 3).
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Table 1 — Value of Displacement u’; =u_E / pyh in the Plate at a Local Load

Displacements ~10u} at z=h 10uf at z=h 10uf at z=0
Solution VDM FEM VDM FEM VDM FEM
Models M; M, (SCAD) M; M, (SCAD) M; M, (SCAD)

g 2 0 6,55 | 6,39 6,42 0 0 0 0 0 0
= 3 1 6,50 | 6,32 6,37 -0,13 -0,20 -0,19 0,11 0,12 0,13
§ ;E_ 4 575 | 521 5,52 -0,36 -0,77 -0,76 0,44 0,49 0,50
‘_§ ° 5 540 | 4,59 4,90 -1,46 -0,88 -0,93 0,79 0,60 0,61
2 % 6 3,35 | 3,90 3,62 -1,49 -0,91 -0,97 0,90 0,70 0,71
< 7 2,95 | 3,24 2,96 -0,46 -0,86 -0,88 0,75 0,80 0,81
ZA
P
NY. V¥V VYV Y |
§0 /] 23 4 56 7 )} 39 |40
H 00009 @————)/—— ¢ -
\ i
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Fig. 3. Design diagram of the plate under localized load

It can be seen that in the field of load change p (nodes 5-7 in VDM), the results of the M, (2)
model are much better than those of M; (1), and are consistent of results of finite element method
(FEM) calculated by the complex "SCAD". The displacements obtained by M; in nodes 4, 5, 6

contain “jumps” of the values of the displacement functions, which are not presented in the results
for M, and SCAD. At other nodes the values of displacements in the solving by Mj, My, and SCAD

are close. Therefore, the use of the M, model in which hypothesized for u{*) have not of given load

function p, is more appropriate than the M; model (1). Note that in this problem, the number of

unknowns in the system of equations of FEM for SCAD equals to n=40x18x2=1440, and
n=40x6=240 for VDM. Moreover, when calculating the flat problem of a multilayer plate
according to FEMs with rectangular FE, the number of unknowns in the presence of especially thin
layers can significantly increase, whereas the number of equations in system (6) - (8) and the
number of unknowns is independent on the number of layers by models (1) and (2).

The influence on the SSS of plates of different nature of loading on a plate on a rigid
foundation with gripped edges was investigated (Table 2).

Three cases of action of uniformly distributed load are considered: 1; 4 — throughout the length
of the plate; 2; 5 — half the length in the middle of a plate; 3; 6 — half-length at the edges of a plate. The
contact of plates with a rigid foundation is sliding and the edges of the plate are rigidly gripped. In

variants 1, 2 and 3 (Table 2) a single-layer transversely isotropic plate with E = 2.10°MPa;
E'=2-10*MPa (E/E'=10);¥=025; v' =001 was considered. For diagrams 4, 5 and 6, a two-
layer plate with transversely isotropic layers (E(") / E'K) =10) of equal thickness h, =h, =05h
with characteristics: E(Y) =1.10*MPa; E(?) =2.10°MPa;v() =(2) 0 .25; (1) =2 —01.
In the calculation the design diagrams of plates are formed by symmetric supplementing it with regard

to the contact surface and the foundation (a/h=4 a/H = 2) have been used.
It is shown (Table 2) that in homogeneous plate at discrete load (variants 2 and 3) relative

transverse displacement u§ =U3E / ph reduced compared to the variant 1. The relative displacements
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Table 2 — Displacement and Stress in Plates (a/ h = 4) with Rigidly Gripped Edges

Variants of diagrams of 2 Ih uj uy Graph of o},
plates and load x=al2 | x=al4 x=al4 x=al2
1 2 3 4 5
D" P
I EEEEEEEERE) 1,0 9,52 7,08 -1,31
= 05 5,02 2,68 0,32
R b S 0 0 0 0,85
{ a/4 | a{/ZZ | a/4
Y s 1,0 8,33 4.48 11,67
{% %ﬁ 0,5 3,60 1,98 0,40
R . 0 0 0 0,72
la| a2 |ad
® bt By 1,0 0,86 2,99 0,23
:F% %é 0,5 0,78 0,76 -0,12
ST e, 0 0 0 0,14
{ a/d | (1‘/12 | a/4
@i
i 1,0 39,05 23,82 -6,23
e 05 | 3560 | 2024 5,64
= '\0)V"’V.""""""""""‘ = 1] 1] ] ]
RXRRXRRRIRRKRXE S
. 0 0 0 7,41
% a/d | ac/IZ | a/4
Z
® P RTaY 1,0 32,85 17,64 5,71
= / : 0,5 29,40 15,59 4,90
0 9] 0 0 0 5,86
{ a/d | a[/IZ | a/4
© 5% . = x x 1,0 7,07 6,99 -0,68
W 0,5 7,08 5,22 0,87
= {0)'"‘V".""V""‘V"""“ ] ] ] ]
DOOOOXXHXX KX XA
KRR
5 0 0 0 1,73
1[ a/d | (1(/12 | a/4
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uZ = uaE(Z) / ph increase five times in the presence of a weaker lower layer (variants 4; 5 and 6),

and almost ten times the relative stresses of; = oy, / p increase in comparison with the SSS of a

homogeneous plate in the two-layer slab.

Conclusion. Therefore, the feasibility of using refined models in the estimation of the SSS of
multilayer coatings on a rigid foundation under a local load has been demonstrated. It is shown that
the use of the model M, which does not contain in hypotheses for displacements of the function of
a given load, is more appropriate than the model M; with a given function of the load. The
peculiarities of the SSS of plates and the nature of the distribution of displacements and stresses in
the plates at different types of distributed, including localized, loads are revealed.
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Hayionanvnuii ynigepcumem 600H020 20cnooapcmea ma npupoooKOpUCmy8ants

AHoOTaliAg. Y Cy4aCHHX KOHCTPYKIISIX 3aCTOCOBYIOThCSI 0araTo(yHKIIOHAJIbHI MOKPHUTTA 3
PI3HOIO KOPCTKICTIO 1 (13MKO-MEXaHIYHUMHU XapaKTepUCTUKaMH IapiB. baraTomapoBi MOKPUTTS
MO>KHA PO3TJISIaTH SIK TOBCTI IUIMTH, L0 ONMUPAIOTHCSA HA SKOPCTKY MiAKIaaKy. s mocmiKeHHs
HarnpyxxeHo-aedopmoBanoro crany (HJIC) OaraTomapoBux TMOKPUTTIB Ha >KOPCTKIA OCHOBI
3aCTOCOBAHO YTO4YHEH1 Mojeni cumerpuyHoro HJIC.

Po3paxyHkoBa cxema rornepeyHo HaBaHTaKEHOI TUTUTH YTBOPIOETHCSI CAMETPUYHOIO 100Y/10BOIO
TUIMTH BiIHOCHO MOBEPXHI KOHTAKTY ii 3 OCHOBOI0. HaBaHTa)keHHs Ha TaKy IUIUTY MOJBIHHOT TOBIIMHU
MIPUKIIAIAETHCS TBOCTOPOHHRO CUMETPUIHO MO0 i1 cepeMHHOI ToBepXHi. L{e 103Bossie MomenoBaTi
TUIbKKM O€33rHHOBE JIepOpPMYBaHHS, IIO 3MEHIIye KUIbKICTh HEBIIOMHX Ta 3arajibHUN IOPSI0K
rQepeHIIiIoBaHHS pO3paXyHKOBOI CUCTEMU piBHSHb. JlaHa cxeMa MOJEIIOE TPOKOB3yBaHHS 0€3 TepTd
Ha TOBEPXHI KOHTAKTY IUIMTH 3 OCHOBOK. JKOPCTKHI KOHTaKT IUIUTH 3 OCHOBOIO MOJIEIHOETHCS
BBEJICHHSIM JI0JIAaTKOBOT'O TOHKOT'O 1Iapy, SIKUM MPAKTUYHO HE 1eOpPMY€ETHCS.
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BukopuctaHo yToyHEeHI KOHTHHYaJIbHI MOJIEINI, SIKi BpaxoBYIOTh Aedopmarii monepeuyHoro
3CYBY Ta MOIMEPEYHOT0 OOTHUCHEHHS B BUCOKHX ITepaliitHuX HaOIKeHb. Po3riissHyTO BA BapiaHTH
YTOYHEHUX Mojeneld. Y mepumomMy BapiaHTi (YHKIisS HaBaHTAXCHHS 3aJaHa SBHO, a B JIPYrOMYy
BapiaHTI BOHA 3aMiHEHAa HEB1JIOMOIO ITyKaHOIO (DYHKIIIEF0 OOTHUCHEHHS.

UrcenpsHO MOJENI peali3oBaHi BapialiitHO-pi3HuIeBuM meroaoMm (BPM). Jlns oTrpumanHs
pO3paxyHKOBOi cucTteMu anreOpaidHux piBHsSIHR BPM 3acTocoBaHO iHTErpyBaHHS BapialliitHOTO
¢dynkuionany Jlarpanxa Ha MOJIOBHHI KPOKY TUCKPETH3AIlil 3 OJHOYACHUM BHKOPHCTAHHSIM JIIBUX 1
MPaBUX PI3HMIIB U IEPIIUX MOXiAHUX Bix GyHKIiH 3cyBYy. [IpogeMoOHCTpOBaH1 iepeBaru Apyroro
BapiaHTy YTOYHEHOI MOJeNl B 3aj4ayax, A€ (YHKIs HaBaHTaXEHHsS Mae po3puBHu. [lokazaHo
ocobmuBocTi HJIC mauT Ha )KOPCTKIA OCHOBI TIPH [Tii IOKAJTbHOTO HAaBAaHTA)KEHHS.

KarouoBi cioBa: OGaraTomapoBa IUIMTa, YTOYHEHA MOJIENb, MOIEPEUYHUN 3CYB, TONEPEYHE
OOTHCHEHHS, BapialiiiHO-PI3HUIICBHI METO/.
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Hayuonanvnulii ynusepcumem 6001020 X0351cmea u npupooonoib308aHuUs

AHHOTauusi. B  COBpeMEHHBIX KOHCTPYKIHSX IPUMEHSIOTCS MHOTO(QYHKIIMOHAIHLHBIE
MOKPBITHA C PAa3IMYHOM JKECTKOCTBIO M (PH3MKO-MEXaHHYECKUMH XapaKTEPHCTHKAMHU CIIOEB.
MHOroC/I0iHbBIE OKPBITUS MOKHO pacCMaTpUBaTh KaK TOJICTBHIE IUIUTHI, OIIMPAIOIIAECS HA JKECTKYIO
noJU10kKy. [l nccnenoBanus HanpsbkeHHO-nedopmupoBanHoro coctosnus (HJC) MHorocnoiHbIx
IIOKPBITUI HA )KECTKOM OCHOBAaHMM IIPUMEHEHBI yTOUHEHHbIE MoJiesn cumMmeTpuaHoro HJIC.

PacueTHast cxema mornepeyHo HarpykKeHHOM IJIMTHI 00pa3yeTcsi CHMMETPUYHOM TOCTpOiKoH
IUIUTBl OTHOCHUTENIBHO IOBEPXHOCTH KOHTaKTa €€ C OCHOBaHMEM. Harpyska Ha Takyro IUIMTY
JBOMHON TOJIIUHBI MPUKIIAABIBAETCS JBYCTOPOHHE CUMMETPUYHO OTHOCUTEIBHO €€ CPEeIUHHOU
MOBEPXHOCTU. ITO TIO3BOJSIET MOJACIUPOBATH TOJIBKO O€3M3ruOHOe JaepopMUpOBAHUE, UYTO
YMEHbBIIIAeT KOJUYECTBO HEU3BECTHBIX U 00U mnopanok auddepeHIpoBaHUs pacueTHOU
CUCTEeMbI ypaBHeHUI. [laHHas cxeMa MoJienupyeT cMelleHre 0e3 TpeHUs Ha MOBEPXHOCTH KOHTaKTa
IUIUTBl C OCHOBaHUEM. JKecTKHMH KOHTaKT IUIMTBI C OCHOBaHHUEM MOJIEIUPYETCS BBEJIEHUEM
JOMOJTHUTEIBHOTO TOHKOI'0, HO MPAKTUYECKU HeJle(hOPMHUPYEMOTO CIIOSI.

Vcnonb30BaHbl yTOYHEHHbIE KOHTHHYaJIbHbIE MOJIENH, KOTOPBIE YUUTHIBAIOT JedopManuu
MIOTIEPEYHOr0 CJIBUTa W TONEPEYHOTO O00KaTHs B BBICOKMX HTEPALMOHHBIX MPUOIMKEHUSX.
PaccMmoTpeHb! 1Ba BapraHTa YTOYHEHHBIX Mojiesiell. B mepBoM BapuanTe QyHKIMS Harpy3Ku 3a/1aHa
SIBHO, @ BO BTOPOM BapHaHTe OHAa 3aMEHEHa HEM3BECTHOM NCKOMOM (yHKIUEH 00xKaTHs.

UucneHHO MOJENM peanu30BaHbl BapHALMOHHO-Pa3HOCTHBIM MeroaoM (BPM). [lns
MOJIy4YEHHUsI pacYeTHON cHCTeMbl anredpanyeckux ypaBHeHnid BPM mpuMeHeHO MHTErpupoBaHue
BapHallOHHOTO (yHKIMOHana Jlarpan)ka Ha TOJ IIare JUCKPETH3alMUd C OJHOBPEMEHHBIM
HCIIOJIb30BaHUEM JIEBBIX U MPABbIX Pa3HOCTEN JJIS MEPBBIX MPOU3BOJIHBIX OT (YHKIIMI CMEIIEHHUS.
[IponemMoHCTpHpOBaHbl MPEUMYILECTBA BTOPOTO BapuaHTa YTOYHEHHOM MOJENU B 3ajayax, IIe
¢byHKIMs Harpy3ku umeer paspbiBbl. [lokazansl ocodenHoctd H/IC mumT Ha ’KeCTKOM OCHOBAaHUH
IIPU BO3/IEHCTBUY JIOKAJIbHON PACIIPENEIEHHON HArPYy3KH.

KiroueBble c¢JjI0Ba: MHOrOCIOWHAsl IUIMTA, YTOYHEHHAs MOJENb, IONEPEUHBbIM CHBUT,
norepeyHoe o0kaThe, BapualuOHHO-Pa3HOCTHBIN METO/I.

Crarrs mamivinuia 20.05.2019
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